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INTRODUCTION 
In this paper, we prove the following theorems: 
THEOREM A. Let G be a transitive permutation group on a finite set X 
with / X / odd. Suppose that p is an odd prime and G, has a normal p-subgroup 
P” with P” # 1 and Px semiregular on X - x. Then, either 
(i) Px is cyclic, or 
(ii) G is &III , represented as a permutation group of degree 55. 
From this we obtain: 
THEOREM B. Let G be a Jinite doubly transitive group of odd degree, and 
suppose that G, has an abelian normal subgroup # 1. Then, G is a normal 
extension of 
(i) PS%(n, q), with 1 + q + a** + qn-l odd and n >, 2, or 
(ii) PSU(3, 2”), or 
(iii) Sz(22”+1), or 
(iv) G has a regular normal subgroup. 
The bulk of the work lies in the proof of Theorem A. Theorem B is then 
obtained without too much difficulty using theorems of Aschbacher [5] and 
the author [24]. 
In proving Theorem A, we let T be a Sylow 2-subgroup of G. Then, 
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T C G, for some x E X, as 1 X 1 is odd. Since Px 4 G, , T normalizes P". 
Most of the work in the proof of Theorem A involves studying the action of 
Ton Px. 
For example, letj be an involution of T and F(j), the fixed point set ofj. 
Then, 1 F(j)] is odd, and if Co(j) is transitive on F(j), either, by induction 
C,,(j) is cyclic, or C,(j) in its action on F( j) is IM,, of degree 55. The latter 
is not difficult to handle, and generally, we obtain C,,(j) cyclic. If T contains 
a fours group V of such involutions, then P" = (C,,(j) 1 j E P’s), and the 
p-rank of Px is at most three, and consequently, the 2-rank of T is bounded. 
The main obstruction to this procedure is the failure of Co(j) to be 
transitive on F(j). For this reason, we study S(j) = {x 1 C,,(j) # I}. We see 
(in Lemma 2.1) that Co(j) is transitive on the set S(j). Again, induction is 
applicable to the restriction of C,(j) to F(j), providing / S(j)] is odd. In 
what follows, the crux of the argument lies mostly in the verification of the 
latter statement. 
In section 1, we state many results that we utilize in later sections. Of 
particular importance are some general theorems of Goldschmidt [12] and 
Aschbacher [4], and some classification theorems of Alperin, Brauer, and 
Gorenstein [3] and Gorenstein and Harada [15]. 
In Section 2, we verify that a minimal counterexample to Theorem A is 
primitive and simple. In this section, too, we verify Theorem A for the 
known groups that we encountered in Section 1. 
In Sections 3,4, and 5, we give the main part of the proof of Theorem A. 
We assume Pz = AZ is an elementary abelianp-group, and set N” = C,(P). 
In Sections 3, 4, and 5, we handle the respective cases: 
(1) /N2nN~Ievenforsomex,yEX,x#y, 
(2) jNZ/evenbut~N.2nNYIoddforallx,y~X,xfy, 
(3) 1 N” 1 odd. 
If H is a subgroup of G, we take S(H) = (x 1 C,,(H) # l}. 
The major portion of Section 3 is devoted to proving that there is a 2-group 
T with 1 S( T)I odd and 1 S(T)1 > 1. To do this, early on we obtain a strong 
hold on the Sylow 2-subgroup of N*, and expand this gradually to explicit 
information on the structure of T. In Section 4, a similar procedure is 
employed. 
Section 5 is cleaner, but, here, unlike the previous two cases we do not 
obtain a bound on the 2-rank of G. Instead (Lemma 5.14), we obtain a group 
in which all chains of elementary abelian 2-subgroups of G are conjugate. 
The latter configuration, we treat in another paper [26]. 
In Section 6, we deal with the possibility that Px is not abelian, and in 
Section 7, we prove Theorem B. 
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1. ASSUMED RESULTS 
In this section, we state notations and some results that we employ in 
subsequent sections. 
If  H is a permutation group on a set X, and x E X, H, is the subgroup 
fixing x E X. If  B C X, HB is the subgroup fixing all points of B, while He* 
is the subgroup fixing B setwise. If  L C He*, L / B is the permutation group 
obtained by restricting L to B. I f  L C H, F(L) denotes the set of fixed points 
of L. In the following all groups and sets are finite. 
In a finite group G, the 2-rank of G, denoted by m(G), is the number of 
generators of the largest elementary abelian 2-subgroup of G. If  S is a 
Sylow 2-subgroup of G, Gorenstein and Walter have defined the 2-generated 
core of G as 
r,,,(G) = (NG(X) I XC S and m(X) > 2). 
Aschbacher has determined all groups whose 2-generated core is proper [4]. 
For our purposes, his result may be stated as follows: 
LEMMA 1.1. Let G be a simple group with m(G) > 3 and suppose L’,,,(G) 
is a proper subgroup of G for some Sylow 2-subgroup S of G. Then, G is 
(a) J1 , the smallest Janko group, 
(b) PSL(2,2”), k > 2, 
(c) PSlJ(3, 27, k > 2, 
(d) Sx(2”), k > 3. 
Theorem 2 of Aschbacher’s paper has the following consequence for 
permutation groups: 
LEMMA 1.2. Let G be a permutation group on X. Let x E X and N 4 G, . 
Suppose that 1 N 1 is even, and all involutions of N$x only the point x. Then, 
G is a normal extension of 
(a) PSL(2, 2”) of degree 1 + 2”, 
(b) PSU(3, 2”) of degree 1 + 2sk, 
(c) SZ(~~) of degree 1 + 2ak, or 
(d) If j is an involution of N, G = 0 (G)Co(j). 
LEMMA 1.3 (Goldschmidt [12]). Let G be a simple group and S a Sylow 
2-subgroup of G. Suppose S contains an abelian subgroup A such that A is 
strongly closed in S with respect to G. Then, G is one of the following groups: 
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(a) PSL(2,2”), 
(b) PSU3,2”), 
(4 S.q”), 
(d) JI , the smallest Janko group, 
(e) PSL(2, q), q = 3, 5 (mod 8) 
(f) A group of Ree type. 
LEMMA 1.4 (Alperin, Brauer, Gorenstein [3]). Let G be a simple group 
with m(G) = 2. Then, G is one of the following groups: 
(a) psL(Z q), p odd, 
(b) PSLJ(3,d 4 odd, 
(c) PSL(3, q), q odd, 
(4 4, 
(e> PSV3,4), 
(9 MI, . 
LEMMA 1.5 (Gorenstein-Harada [15]). Let G be a simple group of 2-rank 
of least three and suppose that the Sylow 2-subgroup of G has no elementary 
abelian normal subgroup of order 8. Then, G is one of the following groups: 
(9 G2(q), Q = 3, 5 (mod 81, 
(ii) LId2(q), p = 3, 5 (mod 8), 
(iii) L,(p), q = 7 (mod S), 
(iv) U&d, Q = 1 (mod 8), 
(v) PSp(4, (I>, q = 1, 7 (mod 81, 
(vi) J2 , Js , the second and third Janko groups, 
(vii) L, Lyons’ group. 
Of the forgoing groups, only G,(q) and Da2(q) are of 2-rank exactly 3. 
Moreover, both G,(q) and DJ2(q) h ave exactly one class of involutions (see, 
for example, [14]). Consequently, it follows: 
LEMMA 1.6. Let G be a simple group of 2-rank three and suppose that the 
Sylow 2-subgroup of G has no elementary abelian normal subgroup of order 8. 
Then, G has one class of involutions. 
We next note some results that enable us to deal with MI, in subsequent 
sections. 
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LEMMA 1.7. &II, has no faithful projective linear representation of dimension 
< 4. 
Proof. Now, n/r,, contains Frobenius groups of order 11.5 and 9.8. 
Consequently, over a field whose characteristic is neither 5 nor 11, every 
faithful linear representation of M,, is of degree > 5. Over a field whose 
characteristic is neither 2 nor 3, every faithful linear representation of M,, 
is of degree 3 8. 
The lemma follows. 
LEMMA 1.8. Let G be a group having a subgroup H g M,, with H of odd 
index in G. Then, ;f O(G) = 1, G = H. 
Proof. It follows that G has quasi-dihedral Sylow 2-subgroups. If M is a 
minimal normal subgroup of G, as O(G) = 1, / M 1 is even. Since MI, has 
one conjugacy class of involutions and contains a Sylow 2-subgroup of G, all 
involutions of G lie in M. Thus, H C M. 
Since M is a direct product of simple groups, and M has quasi-dihedral 
Sylow 2-subgroup, M is simple. By Lemma 1.4, M is PSU(3, q), PSL(3, q), 
or M,, . 
The first two possibilities are eliminated using Lemma 1.7. Hence, 
MsMl,andM=H. 
Since Aut(M,J = M,, , G = H. 
LEMMA 1.9. Let G be a group and suppose j is an inoolution of G and 
G(j) = W x Ml, , where j E W and the Sylow 2-subgroup of W is cyclic or 
generalized quaternion. Then, G is nonsimple. 
Proof. Suppose G is simple. Let Q be a Sylow 2-subgroup of G containing 
a Sylow 2-subgroup P of C,(j). 
We claim: Q has no elementary abelian normal subgroup of order 8. 
Indeed, if A 4 Q, and A is elementary of order 8, either [A, j] = 1 and 
so A 4 P, or / C,(j)1 = 4 and C,(j) x (j) 4 P. 
Thus, P has an elementary abelian normal subgroup of order 8. But 
P = R x S, where R is quasi-dihedral of order 16 and S is cyclic or general- 
ized quaternion, a contradiction, and the claim follows. 
Now we apply Lemma 1.5. If G is of type (i) or (ii) in the statement of 
Lemma 1.5, by Lemma 1.6, G has one class of involutions. Thus, j E Z(Q) 
and so G has Sylow 2-subgroup R x S with R quasi-dihedral of order 16 
and S cyclic or generalized quaternion. In particular, Z(Q) is noncyclic, 
a contradiction to the structure of the Sylow 2-subgroup of G,(q) and Dd2(q), 
(see, for example, [14, Lemma 4-11). 
If G is of type (iii), (iv), or (v) in the statement of Lemma 1.5, we get an 
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immediate contradiction using Lemma 1.7. G is not of type (vi), as 1 1 + 1 Jz 1 
and 11 + I Is I [W. 
If G is isomorphic to Lyon’s group, then G has one conjugacy class of 
involutions and C,(j) 1 (i) g A,, [22], a contradiction. 
2. PRELIMINARY REDUCTIONS 
In this and the following sections, G is a permutation group on X and 1 X 1 
is odd. If x E X, we take P” a normal p-subgroup of G, with Pz semiregular 
on X- x and p an odd prime. For other y E X we define Pu so that 
fPYf-l = Pf@). When Px is elementary abelian, we write Px = A”. 
We set Nz = C,z(Pz). If Hc G, we take S(H) = {a 1 C+(H) # l}. 
Clearly, S(H) cF(H). 
We suppose that G is a minimal counterexample to Theorem A. Thus, 
Px is not cyclic and G is not M,, of degree 55. 
LEMMA 2.1. (i) C,(H) 1 S(H) is transitive, 
(ii) ifs, 2’ E S(H), 1 C$(H)I = j C,.z’(H)I, 
(iii) if Px is not abelian andj is an involution, S(j) = F(j). 
Proof. Let z E S(H). Then, as C+(H) # 1, all orbits of C,.(H) on 
S(H) - z are of length divisible by p. It follows by Gleason’s lemma [11], 
that C,(H) is transitive on S(H), and (ii) follows from this. 
If Px is not abelian and j is an involution with x EF(~), then C,x(j) # 1, 
as otherwise, i inverts P”, and P” is abelian. Hence, F(j) = S(j). 
LEMMA 2.2. Let H be a subgroup of G and Y an orbit of H. 
Suppose that 
(i) IfxEY,PxnH#l,and 
(ii) HJ Y~MI,andI YI =55. 
Then, ;f K = Hy , we have 
(i) (PznHIx~Y)=MI1, 
(ii) Hr(P*nHlxEY) x K. 
Proof. Set B2 = Px n H. Then, B” Q H, and by (ii), it follows that 
BZrZ, x 2,. 
Now, K Q H, and so if x E Y, [B”, K] C K. Also, if x E Y, K fives x, 
and so [Bz, K] C Bs. Since B@ fixes only x E Y and K fixes all points of Y, 
it follows that K n B” = 1. Thus, [P, K] = 1. 
4w39/2-8 
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Let N=(B”jx~y). Then, NiYrM,, and N,=NnKCZ(N). 
Take j E N such that j 1 Y inverts Bz / Y. By the structure of Mr, such a j 
exists, and moreover, j fixes x. Then, [j, B”] = Bx and so Bz C [N, N]. 
Therefore, N = [N, N]. Th us, N is a perfect central extension of Mu . 
Since the Schur multiplier of M,, is 1, NE M,, . Thus, H z N x K and 
(ii) follows. 
Our first goal is to show that G is simple, and regarded as a permutation 
group on X, primitive. 
LEMMA 2.3. G has no nonidentity abelian normal subgroup. 
Pyoof. Indeed, let R # 1 be an abelian normal subgroup of G. Let Y be 
an orbit of R. Then, R 1 Y is regular and (R . P”) 1 Y is a Frobenius group 
with kernel R j Y and complement Pz 1 Y g Pr. Since Pz is a p-group of odd 
order, P” is cyclic, contrary to our assumption that G is a minimal counter- 
example. 
LEMMA 2.4. G is primitive. 
Proof. Suppose G is imprimitive and let Y be an imprimitive block for G. 
SetH=G,*.IfxEY,G,andP”arecontainedinH.SinceI YI 1 IX],1 Y/ 
is odd. Thus, HI Y satisfies the hypothesis of Theorem A. Since G is a 
minimal counterexample, it follows that H / Y g Mr, and I Y I = 55. Set 
K=G,.Also,Px=Ax~ZZ,xZ,. 
Let N = (A” j x E Y). By Lemma 2.2, it follows that H = N x K and 
NGM,,. 
As G, 2 H for x E Y and / G : G, 1 is odd, it follows that H contains a 
Sylow 2-subgroup of G. Thus, if j K I is odd, N g Ml, contains a Sylow 
2-subgroup of G, by Lemma 1.8, a contradiction. Therefore, / K I is even. 
In the group N, N,(A*)/A* is quasi-dihedral of order 16 and acts faithfully 
on A”. Thus, some involution j of N(Az) satisfies 1 C,,(j)1 = 3. Since Ml, 
has only one class of involutions, if j is an involution of Ml, , there is an x 
such that 1 C,,(j)1 = 3. Thus, ifj is an involution of H - K = N x K - K, 
there is an x such that I C,,(j)1 = 3. 
On the other hand, if j E K is an involution, I C,,(j)] = 32 for x E Y. Thus, 
by Lemma 2.1 (ii), it follows that no involution of K fuses into N x K - K. 
Now G, = N, x K. Thus, if j E K is an involution and j fixes y, j central- 
izes A’J. It follows for j an involution of K that F( j) = S(j). 
Thus, by Lemma 2.1 (i), C,(j) j F(j) is transitive, and as / X I is odd, 
1 F( j)l is odd. As G is a minimal counterexample, it follows that Co(j) I 
P(j) z n/l,, and F(j) = Y. Thus, Y is the fixed point set of each involution 
of K. 
Next we study the action of G on ?V = {g(Y) 1 g E G}. The stabilizer of 
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YE g is N x K. Moreover, each involution of K fixes only Y E g’, as if j is 
an involution in K fixing Y, Y’ E g, since j Y’ 1 is odd, and Y n Y’ = JZ, 
F(j) 3 Y. 
Thus, Lemma 1.2 is applicable. Cases (a), (b), and (c) are ruled out as 
N x K is nonsolvable. (Note that N acts faithfully on g as A” fixes only 
YE g.) Case (d) is ruled out as O(G) = 1, by Lemma 2.3. 
LEMMA 2.5. G is simple. 
Proof. Let M be a minimal normal subgroup of G. If P* _C M, as G is a 
minimal counterexample, M = G, and G is simple. Note that, as G is 
primitive, M is transitive on Y. Thus, we may suppose P” g M. 
Set B” = M n P”. Then, B” Q G, and BE is semiregular on X - x. Thus, 
either Bx is cyclic or M = MI, and / X 1 = 55. In the latter case, as 
Aut(Mi,) = MI,, M = G. Hence, we have Ba cyclic. 
Since 1 X 1 is odd and M is transitive on X, Ma contains a Sylow 2-subgroup 
R of M. Since M, Q G, and Px Q G, , [M* , P”] C M, n Px = Bx. Thus, 
[R, P”] _C Bx. Since Px is not cyclic and B” is cyclic, it follows that, if j E M 
is an involution and j fixes x, C,,(j) # 1. Therefore, if j E M is an involution, 
S(j) = F(j) and C,(j) 1 F(j) is transitive. 
Set L” = CmAB5). Then L3” Q ME. Since O(G) = 1 and M 4 G, the 
Sylow 2-subgroup of M is noncyclic. Since Bx is cyclic and Mz contains the 
full Sylow 2-subgroup of M, 1 L” 1 is even. 
Now, if all involutions of Lx fix only the point x, it follows by Lemma 1.2 
that 1 X I = 1 + 2’ for some integer r. Since P” is semiregular on X - x, 
it follows that p / 2’, a contradiction. 
Thus, there is some involution j E Lz such that j fixes y E X - x. Moreover, 
as j centralizes BE and Px/Bx, j centralizes P”. Moreover, C,(j) 1 F(j) is 
transitive of odd degree and Px 4 (C,(j) I F(j)), . Since G is a minimal 
counterexample, it follows that C,(j) I F(j) z n/l,, . Thus, Px = 
A”=.& x 2,. 
Now, the normalizer of A” in M,, acts irreducibly on AZ and since Bx 4 G,, 
it follows that B” = 1. Thus, Lx = M, and [A”, M,J = 1. 
Let Q be a Sylow 2-subgroup of MF(n . Q # 1 as j EQ. By the Frattini 
argument NAQ) I F(Q) > MI1 , and by induction NC(Q) ) F(Q) = M,, . 
Let R be a Sylow 2-subgroup of Mz containing Q. We claim: R = Q. 
If not, set R = NJQ). Clearly, R fixesF(Q). But also [a, A”] = 1. Thus, 
by the structure of MI, , a 1 F(Q) = 1. Thus, R = Q. 
Since M is transitive on X, NM(Q) IF(Q) is transitive. Moreover, 
NM(Q) I F(Q) 4 NdQ)I F(Q). Since MI1 is simple, it follows that NM(Q) I 
F(Q) = Mn 9 a contradiction, as the Sylow 2-subgroup of R of M, fixes all 
points of F(Q). 
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In what follows, we are frequently able to reduce to situations in which the 
classification theorems stated in Section 1 are applicable. In the remainder 
of this section, we show that when the groups that occur in these classification 
theorems satisfy the hypothesis of Theorem A, they satisfy the conclusion. 
We take P” as in Theorem A, with P” # 1. 
LEMMA 2.6. None of the groups of Lemma 1.1 satisfy the hypothesis of 
Theorem A. 
Proof. First, suppose G E J1 . Then, if j is an involution of G, C,(j) z 
(j) x A, [18]. Since Px is normalized by a full Sylow 2-subgroup, C,,(j) # I 
for some involution j of G. Then, C,,(j) is of odd order and is normalized 
by some Sylow 2-subgroup of C,(j), a contradiction to the structure of A, . 
In cases (b), (c), (d) of Lemma 1.1, let Q be a Sylow 2-subgroup of G 
normalizing Px. Then, as G is doubly transitive of degree 1 + 1 Q 1 with 
point stabilizer No(Q) and C,(Q) = Q, P* . Q is a Frobenius group with 
kernel Px and complement Q, a contradiction as the 2-rank of Q is at least 
two. 
LEMMA 2.7. A group of Ree type satksfies the hypothesis and conclusion 
of Theorem A. 
Proof. In a group of Ree type, if j is an involution, C,(j) = (j) x 
PSL(2, 9) and 1 G / = (1 + @) q3(q - l), where Q is an odd power of 3 
[20, 28, 291. 
Then, as in Lemma 2.6, C’,,(j) # 1 for some involution j of G, and C,,(j) 
is normalized by a Sylow 2-subgroup of C,(j). Consequently, p 1 (1 + q)/4. 
Then, C,(j) contains a Sylow p-subgroup of G and so Px is cyclic. 
The verification of Theorem A for the groups PSU(3, q) and PSL(3, q) is 
slightly more difficult. First, we list some properties of these groups. 
LEMMA 2.8. Set d = (q + 1, 3) where q is odd. Then 
(9 I PSu(3, q)l = (1 + q3) q3(q2 - 1)/d. 
(ii) Let j be an involution of PSU(3, q) = G. Let W(J] = Z(C,(j)). 
Then, W(J] is cyclic or order (q + 1)/d, and C,(j)/W(j) z PGL(2, q). 
(iii) Co(j) is the centrakr of every nonidentity element of W(j). 
(iv) G has a subgroup T with 1 T I = (q + l)“/d and T the direct 
product of a cyclic group of order q + 1 and a cyclic group of order (q + 1)/d. 
(v) NG( T)/T e S, . We let S be the subgroup of No(T) with T C S 
and I S : T ) = 3. 
(vi) If V~Z,XZ, and VCCT, then ifjEV--1, W(j)rT. If 
jl a j2 6 v - 1, jl #j2 , G = (G(jd, G(i2)>. 
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(vii) If q + 1 = 0 (mod 3), G h as a conjugacy class V of elements of 
order 3 such that 
(a) Z(S)ng f m. 
(b) I f  C E % n Z(S), C,(C) = S. 
(c) (22 n S) = s. 
(d) I f  B C G, and B is elementary of order 32, B n V # %. 
Proof. Take V a three-dimensional vector space over the field E having 
q2 elements and let x + % be an involuntary automorphism of E. Let b be a 
nondegenerate Hermitian bilinear form on V and n1 , v2 , v, a basis for V such 
that b(vi , vj) = Sij with Sii the Kronecker delta. Then, the group SU(3, q) 
consists of those linear transformations of determinant 1 that preserve b. 
1 SU(3, q)l = (1 + q3)(q3)(q2 - 1) and the center of SU(3, q) is of order d 
(see Dickson, [7, Chap. VJ). 
We exhibit the appropriate elements of SU(3, q) leaving the necessary 
calculations to the reader. Many can be found in [23]. 
We take j to be the image in PSU(3, q) of the matrix 
-1 0 0 
i 1 0 -1 0. 0 0 1 
Then C,(j) is the image of the matrix group: A :I 1. -- 00 a
where A is a 2 x 2 unitary matrix and (Y = (det A)-l. 
W(j) is the image in PSU(3, q) of the matrices x 0 0 
[ 1 0 h 0, 0 0 h-2 
where h is a (q + I)-st root of 1. 
The group T is the image of the group of matrices 
with CL, /I (q + l)-st roots of 1. 
450 MICHAEL O’NAN 
No(T) is obtained by adjoining to T the matrices 
C= [: F 3 and [ i !J. 
Now if d = 3, i.e., q + 1 = 0 (mod 3), and y is a cube root of 1 in E, 
SU(3, q) has one class of elements of order 3 not in the center of SU(3, q). 
This class is represented by the matrix 
We take V to be the image of this conjugacy class in PSU(3, q). Then, 
(a) and (b) of (vii) are readily verified. 
Note also that C’~((Y, p)C-l = t(ol-lfi-l, a). It then follows that Ct(ol, /3) is 
of order 3 for all OL, /3 EF. Part (c) follows immediately from this. If (d) fails, 
by taking preimages in SU(3, q) we obtain a group of order 27, having only 
one subgroup of order 3, a contradiction. 
We now have: 
LEMMA 2.9. If PSU(3, q) satisfies the hypothesis of Theorem A, it satisfies 
the conclusion. 
Proof. Suppose G = PSU(3, q) admits a permutation representation on 
X with P” 4 G, and Px semiregular on X - x, and 1 X 1 odd. 
Then, there is an involution j in G with C,,(j) # 1, and C,,(j) normalized 
by some Sylow 2-subgroup of Co(j). Thus, either p 1 (q - 1) or p 1 (q + l), 
by Lemma 2.8 (ii). Ifp j (q - l), th en a Sylow p-subgroup of G is cyclic, by 
Lemma 2.8 (ii). Thus, p j (q + 1). Then, as the subgroup S of Lemma 2.8 
contains a Sylow p-subgroup of G, we may assume Px C S and so S C G, . 
Then, if p # 3, p 1 I W(j)/. Th en, as Px is not cyclic, !&(0,(S)) C Px. In 
particular, if (j, j’) is a fours subgroup of S&(0,( W(j))), sZ,(O,( W(j’)))CP”. 
Therefore, N,(sZr(O,( W( j)) C G, . Thus, C,(j) Z G, and C,(j’) C G, . 
Hence, G, = G a contradiction. 
If p = 3, by Lemma 2.8, (viii) (d), %? n Px # a. Hence, we may take 
VnZ(S)n P*# o. Then, SCG,. Since g n G, C Px, and since S = 
(S n 9?), S C Px. But then, (q + 1) 1 I P” 1, a contradiction as p is odd. 
Analogously, we have: 
LEMMA 2.10. If PSL(3, q) satisfies the hypothesis of Theorem A, it satisfies 
the conclusion. 
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Thus, we also have: 
LEMMA 2.11. If a group in the statement of Lemmas 1.1-1.4 satisfies the 
hypothesis of Theorem A, it satis$es the conclusion. 
Proof. By Lemmas 2.6, 2.9, and 2.10, the only case to check is G = A, . 
In this case, however, no noncyclic subgroup of odd order is normalized by 
the full Sylow 2-subgroup of G. 
3. IN”flNwI EVEN FOR SOMEX,YEX,X#y 
In Sections 3,4, and 5, we assume P” is abelian, and write Px = Ax. 
Since we wish to prove A” is cyclic, it suffices to prove this when Ax is 
elementary abelian. As before, N” = C,&(A*). We set 1 Ax 1 = pm. 
We assume in this section that for some x, y E X, x # y, we have 1 Nx n NV 1 
even. We show then that the conclusion of Theorem A holds. The bulk of the 
work is in the proof of the following 
PROPOSITION. There is a 2-group T with 1 # T C Nx, where 1 S( T)j is 
odd and 1 S(T)/ > 1. 
Accordingly, in the first part of this section (Lemmas 3.1-3.38), we suppose 
that if T # 1 is a 2-subgroup of N”, then, either (i) j S(T)1 = 1, or (ii) 
[ S(T)/ is even. From this assumption we derive a contradiction. 
LEMMA 3.1. If Q is a Sylow 2-subgroup of G, , F(Z(Q)) 1 {x}. 
Proof. Suppose Z(Q) fixes exactly the point x. Let T be a Sylow 2- 
subgroup of Nz A NV for some y E X - x with T # 1. Then, for suitable Q, 
a Sylow 2-subgroup of G, , [T, Z(Q)] = 1. Moreover, Z(Q) fixes x, Z(Q) 
fixes the set S(T), and x E S(T), and so 1 S( T)I is odd. Since also T C NE A PJ, 
x # y, I S(T)1 > 1, contrary to our assumption. 
LEMMA 3.2. Let Q be a Sylow 2-subgroup of G, and j an involution of 
Z(Q) n N$. Then, 
(i) S(j) = {x} and C,(j) C G, . 
(ii) Z(Q) n NE is cyclic. 
Proof. {x} C S(j) and if {x} C S(j), I S(j)1 > 2. Moreover, Q fixes x E S(j). 
As Q is a Sylow 2-subgroup of G, Q is a Sylow 2-subgroup of C,(j). Since 
C,(j) I S(j) is transitive and Q fixes x E S(j), j S(j)1 is odd, contrary to 
hypothesis. Then, S(j) = {x} and C,(j) C G, . 
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For (ii), assume Z(Q) n NZ contains a fours group V. By Lemma 3.1 
V fixes some y E X - x. If j E P, and C,,(j) # 1, by definition of S(j), 
y E S(j), contrary to (i). On the other hand, as V normalizes A”, for some 
j E V#, C,,(j) # 1. This contradiction proves (ii). 
We now take J1 to be the normal subset of involutions of G such that 
ifjEJr 
(a) j E NZ for some x E X, 
(b) SW = 64, 
(c) j fixes at least two points. 
By Lemmas 3.1 and 3.2, it follows that J1 # @. 
We take Js as the normal subset of involutions of G such that if j E Js , 
j E NZ n NW for some x, y E X, x # y. By the assumption of this section, 
Jsf m. 
The following is immediate: 
LEMMA 3.3. If t is an inwoZution and x EF(j) - S(j), t inwe~ts AZ. 
LEMMA 3.4. Suppose j E Jl n IV*, j' E J1 n NY x # y, and b, j’] = 1. 
Then, 
(i) F((j, j’)) = {x, y, z}for some z E X - (x, y>, and 
(ii) jjl E J1 n N”. 
Proof. Set B = F((j, j’)). Since C,(j) C G, , C,(j) C G, , and [j, j’] = 1, 
it follows that {x, y} C B. Since / X 1 is odd, 1 B 1 is odd. 
Choose z E B - {x, y}. By Lemma 3.3, as S(j) = {x} and S(j) = (y}, 
j,j invert A”, and soijl centralizes A”. Thus, z E S(jjl). Thus, B - {SC, y} C 
SW) n W)- 
Now, S(jj') n F(J] CF( jj') n F(j) = F(< j, j')). Also, jj' $ N", as if 
jj’ E N*, j’ E Nx, contrary to/ E Jl n NV and y # x. Likewise,# $ NV. Thus, 
S(jj') nF'(j) CF(Li')) - @,Y) = B - @,Y>- 
Thus, S(jjl) n F(j) = B - {x, y}. 
Thus, j has fixed point set B - {x, y} on S(jj). As 1 B - (x, y}l is odd, 
/ S(ijl)l is odd. Since S(jj’) # ia and 1 S(jj)l is odd, by our original assump- 
tion, [ S( jj’)l = 1. Hence jj’ E N* n J1 with B = (x, y, z}. 
LEMMA 3.5. If jE JlnNa, j’E JlnNz, j#j', and b,f] = 1, thm 
(9 F(<j,O) = {xl, 
(ii) S(jj’) = {X}. 
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Proof. Clearly, x E S($‘). If (j,j’) fixes y # x, then by Lemma 3.3, 
j and j’ invert k. Hence, jj’ E NV and y E S(ji’). Thus, F((j,j’)) C S(J). 
Hence, F(( j, j’)) C S( jj’) n F(j). 
Ah, ~(jj’) n F( j) cF(jj’) n F( j) = F(( j,j’)). Therefore, F(( j,j)) = 
SW) n Q?. Thus, as I F(<j, i’>)l is odd, j fixes an odd number of points on 
S(jj’). Therefore. 1 S(jj’)l is odd. By our assumption, 1 S(jj’)I = 1. 
LEMMA 3.6. Let R be a Sylow 2-subgroup of NY*, x, y E X, x # y. Then, 
IRnJll <I. 
Proof. This follows from Lemma 3.5 and the fact that any two involutions 
generate a dihedral group. 
LEMMA 3.7. Suppose x, y E X, x # y. If J1 n Ngx # D, J1 n N,Y # o . 
Proof. Take j E Jl n NY”. Then, j belongs to a Sylow 2-subgroup Q 
of G, . Then, j centralizes Z(Q) and Z(Q’) n NY. Thus, by Lemma 3.2, there 
is an involution j’ E J1 n NV such that [j, j] = 1. Since Co(j) C G, , 
j’ E J1 n N,y. 
LEMMA 3.8. Let U be a Sylow 2-subgroup of Nx n Nz, x, x E X, x # z, 
and U # 1. Then, there is a y E X - x, such that 
(i) U _C N” n NV, and 
(ii) Jl n NY” # a. 
Proof. Suppose not. Then, for all y E S(U) - x, J1 n NV5 = m. Let 
Q be a Sylow 2-subgroup of G, containing U. Then [U, Z(Q) n NE] = 1, 
and if j is the involution of Z(Q) n Nx, j fixes no point of S(U) - x. Thus, 
as jiixes S(U) and xES(U), 1 S(U)1 is odd. As also 1 S( U)l > 1, we have a 
contradiction to our assumption. 
Now, take U to be a maximal 2-group contained in Nx n Nz for x, z E X, 
x # z. Choose y so that J1 n N,z # o, and UC NE n NV. By Lemma 3.8, 
this is possible and by the maximal choice of U, U is a Sylow 2-subgroup 
of Nx n NV. 
Let S be a Sylow 2-subgroup of G,, and set Px = S n Nx and Pu = 
S n NY. Since N,” 4 G,, and N,V 4 G,, , Px 4 S, PY <I S, and P” and Pv 
are Sylow 2-subgroups of NV” and N,Y, respectively. 
By choice of x and y, P@ n J1 # m. By Lemma 3.7, PY n J1 # izr. 
By Lemma 3.6, 1 Px n Jl 1 = ) Py n Jl 1 = 1. Set {j=} = P” n Jl , {j,) = 
PY n _T, . Since Px 4 S, P” a S, it follows that ( jl: , j,> C Z(s). 
By Lemma 3.4, F((j, , j,)) = {x, y, z}. Set jz = jzjy . Then, jz E Nz n Jl . 
Since ( jz , j,) _C Z(S),F(S) = {x, y, z>. 
454 MICHAEL O’NAN 
Since N” n NY ~3 G,, , for suitable choice of S, we may take U = P” n P~J. 
Set P” = N” n S = N,” n S Q G,, n S = S. 
LEMMA 3.9. Px n Pg n P” = I. 
Proof. Suppose not, and set W = Px n P” n Pz. Then, {x, y, x} C S(W). 
Also, as (jlc , j,> C Z(S), [W, (j, , j,)] = 1. Therefore, (jz , jy) ties the 
set S(W). Since F((jz , j,,)) = {x, y, z>, (j, , j,) fixes an odd number of 
points of S(W). Therefore, 1 S(W)\ is odd. Also, as / S( W)l > 1, we have 
a contradiction. 
LEMMA 3.10. 1f T C P”, T # 1, und C,,,(T) # 1, then T C Pz n Pg. &J 
C,,(T)# 1, TCPznPZ. 
Proof. By hypothesis, x E S(T). If C,,(T) # 1, y E S(T). Hence, T 
centralizes A”, by Lemma 2.1. Thus, T C Pz n NY = Px n PY. 
It is clear that a similar lemma holds for subgroups of Pv and P”. 
LEMMA 3.11. PxnPY<]PxandPxnP~#l.Moreover, 
(i) Px/Px n Pg is cyclic or generalized quaternion. 
(ii) Px n Pg is cyclic or generalized quaternion. 
(iii) Q,(P”) = (j, , QI(P5 n P”)) C Z(Pz). 
(iv) QI(Pzl) = (jV , QI(Pz n P”)) _C Z(Py). 
(v) [P”, GgP”)] = 1. 
(vi) [P”, L?,(Pzl)] = 1. 
(vii) J&(P”Pg) = (j, , j, , QI(PO n P”)> _C Z(PzPg). 
Proof. (i) is immediate from Lemma 3.10. For (ii), consider the action 
of Px n PY on AZ, and apply Lemma 3.10. By (i) and (ii), Pz is of 2-rank 
of most two. Since Px n Pg 4 Px, sZ,(P” n Pv) C Z(P=). Also, j, E: Z(P2). 
Thus, (j, , L$(P” n P”)) Z Z(P”). Since Pm is of 2-rank at most two, 
.QI(Pz) = (jz , J2(Pz n Pv)), proving (iii) and (iv) is the same. Since P” n 
P’J a PY, [P”, QI(Pz n Py)] = 1. Since Jr n Px = {j,}, [P”, j.J = 1, and 
(v) follows. 
Then, PxPu/Px n Pg E PxlPs n Pv x PgjPz (7 PY, PxPg is of 2-rank at 
most 3. By (v), (vi), Q,(Ps), QI(Pg) C Z(PzP~). Hence, (vii) follows. 
We set .&@ = (N”, j,). Then, flz is the subgroup of G, inducing (+ 1, -l} 
on A*. We take p to be a Sylow 2-subgroup of N”, normalized by PY and 
containing Px. 
LEMMA 3.12. (i) Jr n (pP” - PzPv) # 0. 
(ii) ConsequeztZy, Pz C 8”. 
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Proof. Suppose Jl n (SPY - PxPv) = O. Now, if T is a Sylow 2- 
subgroup of G, , J1 n T _C T n P, as if j E J1 n T, j either centralizes or 
inverts AZ. Now, for suitable choice of T; Jl n T < p . Pg, and so J1 n 
T c PzPv. Hence, Jr n T _C Q,(PsPg) = <j, , j, , Ql(Px n Pg)). Ifj E J1 n T, 
j E Na, for some a E X, and, as [(j, , j,), j] = 1, (j, , j,) fixes a. Conse- 
quently, a E {x, y, z}, and j E ( jZ , j,), by Lemma 3.6. Thus, Jl n T C (j,, j,). 
It follows that (jZ , j,) is a strongly closed abelian subgroup of T with 
respect to G. By Lemmas 1.3 and 2.1 I, the desired result follows. 
LEMMA 3.13. (i) Co&j,) = PxP~, 
(ii) No,,(Pv) = PxPy. 
Proof. C,(j,) _C G, , as j, E J1 . Moreover, (PPY), = PxPy. Since 
j, E .Z(PzPy), (i) f o 11 ows. Since PY n J1 = {j,}, (ii) follows. 
LEMMA 3.14. (i) PsPv = P*Pz = PuPz, 
(ii) NG(PzPy) I (3, Y, 4 z & , 
(iii) jz , j, , and j, are conjugate. 
Proof. We prove (ii), from which (i) and (iii) follow immediately. 
Set T = No,,(PxPy). Since PPY 1 PxPYpy, T 1 P@Pu. Then, T induces the 
permutation (I) on {x, y, ~1. Repeating the argument with a Sylow 
2-subgroup of G, , we find an element of NG(PzPy) that induces (Y)(xz) on 
{x, y, 21, proving (ii). 
LEMMA 3.15. If a, b E X, a # b, the Sylow 2-subgroup of Na n Nb is 
cyclic or generalized quaternion. 
Proof. The Sylow 2-subgroup of Na n Nb is contained in some 2-group 
maximal in the intersections NC n Nd, c, d E X, c # d, and the rest follows 
by Lemma 3.11 (ii). 
LEMMA~.~~. Ifj,,j,~J2and[jl,jz]=1,withjl#j,,thajlj,~N~ 
for some a E X, and S(jlj,) = {a}. 
Proof. Set D = S(<jr , ja)) and j, = jljZ . Now if x ED, x E S( ji), 
x E S( ja), and so by the definition of Jz and Lemma 2.1, jr , ja E Nz. Therefore, 
(jr , ja) C N”. It follows by Lemma 3.15 that 1 D / < 1. 
Next, note that if b E S(j,) n S(jr), with k # Z, b E S(( jr , j&). Indeed, 
as jk #jr , {jk , jr} n {jr , ja} # izr . Hence, we may suppose j, = jr , or 
ik = iz - Then, j, centralizes Ab. Therefore, as also C,,(j,) # 1, 
C,d<j, , j,>) # 1, and b E D. 
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Next, let B = F((j, , j,i). If c E B, (jl , j,) normalizes il’, and con- 
sequently, C,,(j$) # 1, for some i. Consequently, B is the union of the 
sets B n S(j,), i = 1, 2, 3, and the intersection of any two of the distinct sets 
B n S(j,) is D. Consequently, 1 B n S(j,)! is odd for some i. 
Since B n S(j,) = F(j,) n S(jl), and 1 S(jl)l is even, ( B n S(jl)l is even. 
Likewise, / B n S(jZ)l is even. Therefore, 1 B n S(j3)l is odd. Thus, 1 S(js)j 
is odd. 
If a E D, a E S(j,) n S( jZ), and so j, E Na. If D = .@, jl and j, invert Aa 
for a E B n S(js), and so j3 EN”. As 1 S(js)j is odd, S(js) = {u]. 
Recall that p is a Sylow 2-subgroup of N” containing P” and normalized 
by PY, and Q1(PzPY) = (j, , j, , L?,(P* n P”)). We denote the involution of 
S2,(Pa n Pb), a, b E {x, y, z}, by t,, . Then, !&(PsPY) contains the involutions: 
. . . 
1x 9 .lY , I2 3 t xl/ ) tm 9 trz 7 and another involution, which we denote by s. 
Moreover, jZj, = jZ , and, as the involutions of Q,(P”) are j, , t,, , t,, , it 
follows that jztzu = t,, . Similarly, jwtzu = tyZ and j&, = tyr . Then, it follows 
that s = jattiz = j&, = jztzy . 
We treat two cases, according as P” 3 Q1(Pz) or Px = !L$(P”). First, we 
assume P” 3 Q,(P”). 
LEMMA 3.17. (i) j. is a square in P5, 
(ii) all orbits of PxPY on X - {x, y, z} are of length 3 4, 
(iii) 1 p : Px 1 = 2, 
(iv) 1 X ( = 3(mod 4), 
(v) No involution of Gfixes exactly one point, 
(vi) If R is a Sylow 2-subgroup of G containing PPu, L$(Z(R)) n 
(PW = <izT tyZ>. 
Proof. From Lemma 3.11, Px n Pv G P” n Pz. If 1 Px n Pg j > 2, then 
(Pa n PY) x (Pz n Pz) < Pr, and jr = t,, . t,, is a square in Px. Thus, we 
may suppose I Pu n Pu I = 2. Then, Px/Px n Pg and Px/Px n Pz are cyclic 
of order at least 4 or generalized quaternion. Take f E Px, so that 1-f j = 4 
in Pz/Pz n Pg. Either (i) follows, or f2 = t,. , as f2 E jz + (tZY). But if 
f” = tm, as PxlPx n Pz contains one involution, all involutions of Pz lie in 
(f), a contradiction. Therefore, (i) follows. 
If a E X - {x, y, x}, a is not fixed by all involutions of (j. , j,,), as 
F((jZ, j,)) = {x, y, z}. If jb does not fix a, then by (i), jb is a square in Pb, 
and the Pb orbit of a is of length > 4, proving (ii). 
Set T = NO,,,JPzPv). Then, T fixes {x) and (y, z}, and all additional 
orbits of T, by (ii), are of length >, 4. Therefore, N,,,,(T) fixes {y, z}, and so 
NozP1/( T) C T. Thus, T = ~Pv. Thus, [ PPv : P=Prl = 2, and 18” : P” I = 2, 
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as p n Pa, = Px n Pv. Part (iv) is immediate from (ii), and (v) follows from 
(iv), as G is simple, and so can contain no involution of odd index. 
Now, take R a Sylow 2-subgroup of G, with PP” CR. Since j X 1 E 3 
(mod 4), R has {y, Z} as an orbit. 
Moreover, R normalizes p and (p, j,). Thus, R normalizes Pz = 
(p), = (Q$ . Since {j,} = J1 n Px, j, E Z(R). 
Moreover, P”, P” CR. Thus, Pv C R n NY and P” C R n N”. Since a 
Sylow 2-subgroup of NY fixes only the point y, Pu = R n NV and Pz = 
R n NZ. Therefore, R interchanges P” and Pz, and normalizes Pu n Pz. 
Since ty, is the unique involution of PY n P”, t,, E Z(R). 
Thus, (j, , tv,) C sZ,(Z(R)). Since N,,,(Pv) = PxPg, Q,(Z(R)) n PPr 2 
QI(PzPg), and since j, and jZ are conjugate by an element of p, QI(Z(R)) n 
Q+ = (h, tv,>. 
LEMMA 3.18. jZ, ty, , and s represent dzyerent conjugacy classes of G. 
Proof. By Lemma 3.17 (vi), mZ n QI(Z(R)) = ( jZ , ty,), if R is a suitable 
Sylow 2-subgroup of G, . Since N,(R) controls the fusion of elements of 
Z(R), and since N,(R) C G, , as R fixes only x, (j, , ty,) 4 N,(R). Since 
j, and ty, are not conjugate, as jZ E /i and trz E Jr, the lemma follows. 
LEMMA 3.19. (i) PP” has exactly two conjugacy classes of involutions 
in PPv - P”Pv. These classes are not fused in G. 
(ii) Ji is a conjugacy class. 
Proof. Since FP” has the orbit {y, z}, Pg n Pz 4 PPY. Also, PxPr = 
PUP”, and PvPz/Pv n P” gg Py/P” n Pz x Pz/P” n Pz. Also, as J1 n 
(~Pv - PzPv) # o , by Lemma 3.12, there is some involution, say, j E 
p”PY - PYP”. Since j interchanges P” and Pz, pPY/PY n Pz g (PY/PY n 
Pz) wr Z, . It follows immediately that pP”/Py n P” has exactly one con- 
jugacy class of involutions not in PYPz/P” n Pz. 
Since pPY/p E Pr/Px n PY is of 2-rank one, all involutions of PPg he 
in @21(PY) G 8” x &(PY n P”). Thus, there are involutions in p - Px. 
Let j be such an involution. 
Since~~~Py,P~nPr~~Py,and~nPynPZ=l,[j,P~nPZ]=l. 
Thus, PP” - PxPy has at most two classes of involutions, represented 
by j and jt,, . 
We claim next that j and jty, are not fused in G. Indeed, if so, both involu- 
tions lie in JI, by Lemma 3.12. But then, by Lemmas 3.4 and 3.5, we have 
either t,, E J1 or 1 S(t,,)l = 1, a contradiction, as ty, E Jz . Thus, either 
j4J10r.it,z$Jl. 
Thus, (i) of Lemma 3.19 follows. 
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Now Jr n (PP) = {j, , j, , j,}, and jZ , j, , and j, are fused, by Lemma 
3.14. Moreover, the proof of Lemma 3.12 shows that (jJG n (PI’” - 
PP) # a. Thus, by the previous paragraph, all elements of Ji n (PP) 
are conjugate. Since Jl n G, 5 mx, and PPY contains a Sylow 2-subgroup 
of nZ, J1 is a conjugacy class. 
LEMMA 3.20. Let r be an involution of PP”, then, j, is a square in C&r). 
Proof. I f  r E PxPg, r centralizes Px, and the result follows by Lemma 3.17. 
Thus, we may assume r E~PV - PxP~. 
First, suppose j Pz n PY / > 2. Then, r interchanges Px n Py and Px n P”, 
and consequently, r centralizes a diagonal of (Pa n PY) x (P” n P”). Then, 
j3: is a square in this diagonal, as Pz n Pr is cyclic of order 3 4 or generalized 
quaternion. 
Next, suppose 1 Px n Pu ) = 2. Then, Px/Px n Pug PxjPx n Pz z Z,, 
or Qa,, . Since (P” n P”) n (P” n P”) = 1, it follows that Px g 2, x Z,, , or 
Z, x Qv 9 and that j, is the unique involution of Px that is a square in Px. 
Thus, if j, is not a square in Cpz(y), CPZ(r) is of exponent 2. Since Y inter- 
changes Px n Pv and Px n Pz, it follows that C&r) = (j&. 
Therefore, (P”, r} is dihedral or quasi-dihedral, and Px is cyclic, dihedral, 
or generalized quaternion, a contradiction to Px g 2, x Z,, , n > 2, or 
P”gZzxQ,,,n>,3. 
LEMMA 3.21 Co(j,) 1 F( j,) - x is transitive. Consequently, J1 n G, is the 
union of two G,-conjugacy classes: J1 n Nx and J1 n (mx - Nx). 
Proof. Let a EF(~,) - x and T a Sylow 2-subgroup of G, containing j, . 
Take j, E Z(T) n N” n J1 . By Lemmas 3.1 and 3.2, such a ja exists. Since 
C,(j,) _C G, , j, fixes X. By Lemma 3.4, F((jX , j,)) = {x, a, b), for b E X - 
{x, a} and jb = jZj, E Nb n J1 . 
Let 8” = T n Na. Then, (9, j,) is a Sylow 2-subgroup of p, and by 
Lemma 3.20, it follows that j, is a square in C&j,). Moreover, ja fixes only 
the points a and b of F( j,J - X. It follows, therefore, that all orbits of C,,( j,) 
on F(j,) - {x, a, b} are of length > 4. 
Now, let 9 be the family of pairs {a, b) obtained by the above procedure. 
By Gleason’s lemma, it follows that Co(j) is transitive on 9’. Moreover, as a 
was any point of F(j) - X, every point in F(j) - x is contained in some 
{a, b} E 9’. In addition, {y, ~1 E 8, and some element of p, (which centralizes 
j,), interchanges y  and Z. Therefore, C,( j,) 1 F( j,) - x is transitive. 
It follows by [I] that J1 n G, is the union of two G,-conjugacy classes. 
Since J1 n N” # o and Jl n (@! - N”) # D (as j, E lTrjE - N*), the rest 
follows. 
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LEMMA 3.22. J2 is a class. 
Proof. Take t E Na n No, 1 t 1 = 2, a, b E X, a # b. Then, t imbeds in a 
subgroup S, which is a S-group, maximal among 2-groups in the intersections 
NC n Nd, say SC NC n Nd, c # d. By Lemma 3.8, we may assume J1 n 
Ndc # a. Since J1 is a class, by conjugation, we may assume c = x and 
JI n Ndz = (ix}, while t E N” n N”. 
By Lemma 3.21, conjugating by a suitable element of CJjJ, we may take 
d = y, and t E Nx n NY. Since the Sylow 2-subgroup of Nx n NV is of 
2-rank one, t is conjugate to tzy . 
LEMMA 3.23. All involutions of Nx lie in J1 OY Jz . 
Proof. This follows immediately from the definitions of J1 and Jz , and 
the fact, that, by Lemma 3.17 (v), no involution of G fixes exactly one point. 
We now take J3 to be the conjugacy class of G determined by the involution 
s = jztYz . By Lemma 3.18, J3 # J1 or Jz . 
LEMMA 3.24. Js n (~Pv - PxPv) # ra. 
Proof. Suppose J3 n (PP” - PxPv) = m. Then, the only conjugate 
of s in PPu is s itself. Since s is not isolated by Glauberman’s Z*-theorem [9] 
and the simplicity of G, some conjugate, say s’, of s lies in G, - x2, and 
normalizes Q”Pu. Consequently, by Lemma 3.17 (vi), [s’, j.J = 1. 
Now, ( jz, s’) normalizes AZ, jz centralizes A”, and since s’ 6 m%, Caz(s’) # 1, 
A”. Consequently, x E S(( jz , s’)). Since also CA.(s’jz) # 1, A”, s’& $ J1 U Jz . 
Let B =F((j, , s’)) and suppose z E B - x. Then, jz inverts A*. If 
also s’ inverts A*, s’jz centralizes AZ, and, by Lemma 3.23, s’j, E JI U Jz , 
a contradiction. Therefore, C,J,s’) # 1. Consequently, .z E S(s’). 
It follows that B C S(s’). Since B is the fixed point set of j, on S(s’) and 
since 1 B 1 is odd, j S(s’)l is odd. 
On the other hand, s’ and s are conjugate, and by Lemma 3.17 (vi), there 
is a Sylow 2-subgroup R of G, , with s E Z(R). Moreover, s inverts A$. Since 
the fixed point set of R is exactly {x} (as the fixed point set of PPv is exactly 
(x}), and since R fixes the set S(s) and x 4 S(s), 1 S(s)1 is even, a contradiction, 
by the previous paragraph. 
LEMMA 3.25. J1 n (p - P”) # m. 
Proof. By Lemma 3.12, JI n (PP” - PzPg) # o , and by Lemma 3.24, 
J3n(QT- PzP*) # o. B y L emma 3.19, pPy - PxPV contains exactly 
two G-classes of involutions. 
Now, pP”/p g Pg/P” n PY which is cyclic or generalized quaternion. 
Consequently, all involutions of PPY lie in QG,(Pw) z 8” X sZ,(Pff n P”). 
460 MICHAEL O’NAN 
Since pPY - PxPV contains involutions, pn,(PY) - P%&(Pv) contains 
involutions, and consequently, p - P” contains involutions. Since J3 # J1 
or Jz , J3 n p = o . Consequently, Jl n (p - Pz) # a. 
We are now in a position to obtain a final contradiction to our assumption 
that P” II sZ,( P”). 
Let r E J1 n (p - P”). By Lemma 3.21, there is a g E G, , such that 
rg = j, . Set T = C&Y). By Lemma 3.2O,j, is a square in T. Since N” 4 G, , 
((r) x T)g C Nz, and consequently, g may be chosen so that ((r) x T)g C Q 
and@ = jE. 
Since 1 p : Px 1 = 2 and jlc is a square in T, (j$ E P5. Since rg = jx and 
Ql(Pz) = (j$ , t&, it follows that (j,y = tzy or t,, , a contradiction, as 
11 f: Jz . 
Thus, in what follows, if x, y are chosen as above, we may suppose 
P” = @(P2). 
LEMMA 3.26. Let x, y E X, x # y. Then 
(i) The Sylow 2-subgroup of Nx n NV is of order 2 at most. 
(ii) If 1 Nx n NV 1 is even and J1 n N,” # ,czf , the Sylow 2-subgroup of 
N,” is elementary abelian of order at most 4. 
Proof. The Sylow 2-subgroup of Nx n NV is contained in U, where U is 
a maximal 2-group contained in the intersections Na n Nb, a, b E X, a # b. 
Then, by Lemma 3.8, for suitable choice of c, U is a Sylow 2-subgroup of 
Na n NC and J1 n NC0 # m . Thus, the points a and c satisfy the hypothesis 
under which the previous case has been treated. Consequently, U is at most 
of order 2 and the Sylow 2-subgroup of Noa is at most of order 4. 
We let Dz,,+l denote a dihedral group of order 2”+l and QD2,,+l a quasi- 
dihedral group of order 2n+1. We let 
M 2”+2 = (x, y, z j xb = 1, ys = 1,za = 1,y.z = zy, xv = x-1, x* = Z-r+sn-1). 
LEMMA 3.21. (i) p E D2,,+’ , OY QD,,+I , with n 3 2, 
(ii> -T23 = <j,>, 
(iii) Pup E Zz x DZn+l , or Ma,,+z , if p s D2,,+l , 
(iv) PyQx zs Z2 x QD2n+l , or M,,+* , if P s QD2n+l . 
Proof. First, we shall prove that COZ(tO,) = (j, , tzl/), proving (i). 
Set Y = S(t,,). Let H = G,* and W = G, . Since [tzy , AZ] = 1 if 
z E Y, AZ C H and [AZ, w] C W. Since W fixes z, [AZ, W’l C A*. Since AZ 
is semiregular on X - z and 1 F( W)l >, 2, AZ n W = 1, and so [AZ, w] = 1. 
Thus, if z E Y, WC Nz. Thus, the Sylow 2-subgroup of W is contained in 
N” n Nu. By Lemma 3.26 (i), it follows that the Sylow 2-subgroup of W 
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is (tZY). Moreover, for any a, b E Y, a # b, (trr) is a Sylow 2-subgroup of 
Na n Nb. 
Letfl=HjYandifz~Y,letMZ=(NznH)~Y.Then,Mz~f7,, 
and by the definition of Mz it follows that AZ2 = C&4” 1 Y). By the last 
paragraph, if a, b E Y, a # b, Ma n Mb is of odd order. Thus, if R # 1 is 
a 2-group and R C MS, NR(R) C i7, . 
Set j; = jz 1 Y and jV = j, 1 Y. By definition, (J,) is a Sylow 2-subgroup 
of M,” and (j,J is a Sylow 2-subgroup of M,g. Let T be a Sylow 2-subgroup 
of Mx containing (jz) and normalized by (jU). Since Cr(jU) c T, = (j$), 
WJ = &,>. Th us, the group (T,31/) is dihedral or quasi-dihedral, and 
Suppose next that ] M,” j is even for some z E Y - X. Let Y be an involution 
of Mzx and .T’ a Sylow 2-subgroup of M” normalized by Y. Since C,,(Y) # 1, 
1 n/r2 1 is even. Then, let Y’ be an involution of Mzz, and T” a Sylow 2- 
subgroup of Mx normalized by Y’. Since Y’ inverts A”, (M”, Y’) = (M”, j,,). 
Thus, (T”, Y’) g (T, j,). Since C&Y’) fixes z, it follows that some conjugate 
ofj, fixes z. Thus, N,” n Jr # m . Therefore, by Lemma 3.26 (ii), the Sylow 
2-subgroup of N,” is of order at most 4, and the Sylow 2-subgroup of M,” is 
of order at most 2. 
Therefore, if 4 ( 1 ME 1, 11 a orbits of Mx on Y - x are of even length, 
and I Y / is odd, contrary to hypothesis. Thus, Co2(tzv) = (j, , t,,). Part (ii) 
also follows from this, and n >, 2, by Lemma 3.12 (ii). 
Now, let fz be a generator for the cyclic subgroup of index 2 of 8”. Since 
C,,(jJ = Px = (j, , f), C<z,>(jy) = (j5). Thus, (fz , j,) is also dihedral 
or quasi-dihedral. Thus, Pup is a split extension of Z,, by Z, x Z, , and 
the various structures occur according as tzl, and j, induce the same or 
different automorphisms of (f=). 
LEMMA 3.28. (i) Let Y be an involution of G, such that CA*(y) # 1, A”. 
Then, S(Y) = F(Y) and C,(Y) 1 F(Y) is transitive. 
(ii) If Y is an involution of G, - Na, no conjugate of Y lies in x5. 
Proof. Since Nx 4 G, , (j,) char p”, and p” a Sylow 2-subgroup of N”, 
we may, by replacing Y with a suitable conjugate, assume [Y, jJ = 1. 
First, we claim: I S(Y)\ is odd. 
Since j= centralizes Ax, it follows that C,%(rj,) # 1, AZ. Then, if z is any 
fixed point of I, it follows, by Lemma 2.1, that if Caz(r) # 1. CA*(r) # A”. 
Likewise, if z is fixed by rjz and C,,(rj,) # 1, CA8(rjJ # A”. 
Set B = F((Y, j,)) and a E B. If z = X, s E S(Y), by hypothesis. If z # X, 
j, inverts AZ. Since neither Y nor rj= centralizes A”, it follows that Caz(r) # 1 
and C,,(rj,) # 1. In particular, z E S(Y). Therefore, B c S(Y). Therefore, 
j% fixes an odd number of points of S(Y). Therefore, 1 S(Y)] is odd. 
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Now, suppose S(r) CF(r). Then, if z EF(Y) - S(Y), r inverts A”. Then, 
replacing Y, by a conjugate r’ in G, , we may assume Y’ inverts AZ. As in the 
first paragraph, we may choose Y’ so that [Y’, j.J = 1. 
Set C = F((y’,j$)). Clearly, x E C, and since Y’ inverts A”, x 6 S(Y’). 
Since / S(r’)l is odd, and x $ S(r’), jz fixes a point z E S(r’), x # X. Thus, 
jz inverts AZ. Since z E S(Y’), Caz(r’) # 1, A*. Therefore, CAz(r’jz) # 1, A”. 
Now, let a E C - X, (C - x # o as z E C - x). Then, j, inverts Aa, and 
by Lemma 2.1, and the last paragraph, Caa(r’) f  1, and Caa(r’jJ # 1. 
Therefore, a E S(r’). 
Therefore, F(j,) n S(Y’) = C - X. Therefore, jz fixes an even number 
of points of S(Y’), and so / S(r’)l is even. This contradiction, together with 
Lemma 2.1, proves (i). Part (ii) is immediate from (i). 
Recall that S is a Sylow 2-subgroup of G,, with P”Pv C Z(S). Let T be a 
Sylow 2-subgroup of G, with S .8” C T. Since C,(PxPg) fixes x, y, z, as 
(j, , j,) Q PxPY, C,(PzPu) C S. Thus, S = C,(PzPu). 
LEMMA 3.29. s is the only involution of PxPu that can be contained in the 
Frattini subgroup of S. 
Proof. By Lemma 3.27, p has a cyclic subgroup of index 2, say (f,J, 
with (fz) characteristic in p. (Note that 1 p 1 > 4, by Lemma 3.12.) 
Thus, S normalizes (f*), and 8” = (tzy, fz>. By the structure of p, 
the automorphism of (fz) induced by tzy does not lie in the Frattini subgroup 
of Aut((fz)). Consequently, tzu $ a(S). Since t,, = txy . jz , t,, #Q(S). 
Since Co,( j,) C (&“)* , and since Px is the subgroup of p that fixes y, 
C,,z,(j,) = (j,). Consequently, as with toy , j, E G(S). Likewise, j, I$ a(S). 
Repeating the argument with the point y  replacing the point X, it follows 
that j, $ @(S) and tyz # Q(S), and the lemma follows. 
LEMMA 3.30. (i) There are invohtions in G, - mx 
(ii) PxPv is contained in an elementary group of order 16. 
Proof. I f  (i) fails, then all involutions in a Sylow 2-subgroup T of G, lie 
in PP” = (p, j,). Since T is a Sylow 2-subgroup of G, it follows that G 
is of 2-rank three. 
Now, if T has no elementary abelian normal subgroup of order 8, as G 
has two classes of involutions, by Lemma 1.6, we have a contradiction. Thus, 
we may assume E 4 T, E elementary abelian of order 8. Then, E Q PP”, 
j E n p / = 4, and E n 8” Q p. Consequently, p s D, . Since j, inverts 
the cyclic subgroup of p of index 2, PP” G 2, x D, . As one of the 
elementary subgroups of PPQ is normal in T and as PPg 4 T, both ele- 
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mentary subgroups of SPY are normal in T, and so PYP~ Q T. Thus, 
Tfixes{x,y,z},and/ T:Sj =2. 
Since all involutions of S lie in PxPg, and s is the only involution of PxPY 
in Q(S), S = ( ja: , jy) x R, where R E Z,, or R z Q2,, . 
As it is well known that 2, x D, is not the Sylow 2-subgroup of a simple 
group, we may suppose 1 R ] > 4. Then, s E Z(T), and so i&(2(T)) = 
(s, j,). The involutions of Z(T) are s, jX , and t,, , and since j, and tyZ are 
not fused in G, no involutions of Z(T) are fused in G. 
Since s is not isolated, some conjugate of s lies in PPY - P”p’J. Also, 
by Lemma 3.12, some conjugate, say j’, of j, lies in FPY - P”P’J. This 
accounts for the fusion of all involutions in PPr. 
In particular, Jr n PPu c (j, , j, , j) E D, , and all involutions of 
(j= , j, , j’) are conjugate. Consequently, ( jz , j, , j’) 4 T. Then, T = 
(j, , j, , j’) ’ R and R n (j, , j, , j’) = 1. If R is cyclic, we have a contra- 
diction by Thompson’s lemma, as (s) = i&(R) does not have a conjugate 
in <jz , j, , 0. 
In any case, it follows that R normalizes (jz, j, , j’) and centralizes 
(jz , j,). It follows that T = (j, , j, , j’) x R’, where R’ g R. When R is 
generalized quaternion, we obtain a contradiction by a theorem of Glauberman 
WI* 
To prove (ii), set L = pN,(P”Py). We claim: / T : L [ < 2. Let fX be a 
generator of the cyclic subgroup of p of index 2. Then, as Cc, )( j,) = (j,), 
(f= , j,) is dihedral or quasi-dihedral. Thus, (p, jV) is i!omorphic to 
Z, x D,n > 2, x QD,, , or is a split exception of 2, x 2, by Z,, and Z,, is 
selfcentralizing. In any case, (p, j,) h as at most two conjugacy classes of 
elementary subgroups of order 8, and / T : L / < 2 by the Frattini argument. 
Thus, by Thompson’s lemma, some involution of G, - fla has a conjugate 
in L. Since, by Lemma 3.28, no involution of G, - mx has a conjugate in 
p, it follows that some involution of G, - p lies in L. 
Moreover, NT(PzP”) fixes (x, y, z}, and since PxPY C Z(S), / NT(PzP~): 
S I = 2. Since NO,(PzPv)r) P”, it follows that L = Q%‘,(PzPv) = PS. 
Now, we shall assume that P”Pv lies in no elementary subgroup of order 16, 
and derive a contradiction to (i). 
Since PZPY C Z(S), all involutions of S lie in PxPY, and as before, S = 
(j% , j,) x R, where R is cyclic or generalized quaternion. Therefore, 
pS/p is cyclic or generalized quaternion. Thus, all involutions of FS lie 
in PPv C mz. This contradicts the fact that some involutions of G, - N$ 
lies in L, proving (ii). 
LEMMA 3.31. (i) ?P has 1~) characteristic subgroup K” where O(N%) C Kz 
and K”/O(N%) E Z, . 
(ii) Nx does not have a normal 2-complement. 
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Proof. Suppose mS contains such a K”, as in (i). Then, Kx Q G, , and 
we may define KY for other y E X, such that f Kvf -l = Kf@‘. 
Let E be an elementary subgroup of order 16 contained in T and con- 
taining PxPy. Since PxPg is selfcentralizing in pPy, as Px is self-centralizing 
in p, E does not centralize K”/O(Kx). Let E,, be the centralizer in E of 
K”/O(K#). Then, / E : E, 1 = 2. Since also, j E : P”Pv j = 2, E, U P”Pv C E. 
Thus, there is some involution Y E G, - mz such that Y inverts K”/O(K”). 
By Lemmas 2.1 and 3.28, C,(Y) 1 F( ) t Y 1s ransitive. Therefore, if z EF(Y), 
Y inverts K”/O(K”). Th us, no conjugate of Y centralizes K”/O(K$). 
Let T, be the subgroup of T of index 2 that centralizes K”/O(K”). Then, 
no conjugate of Y lies in To , a contradiction by Thompson’s lemma. 
(ii) is immediate from (i). 
LEMMA 3.32. 1 A* / =p2. 
Proof. Let E be an elementary group of order 16 with P”Pg C E and let 
Y  E E - PxPv. Then, (Y, jy) is elementary of order 4 and CA*(r) # 1 and 
CA2(~jy) # 1, since Y, rjV $ Nz. Since F(Y) = S(Y), induction is applicable to 
C,(Y) /P(Y). Thus, either 1 Cas(r)j = p, or C,(r) 1 F(Y) is 1M,, of degree 55. 
A similar statement holds for rjV . If / Cam(r)1 = p = 1 C&i,)), 1 A5 1 = p2. 
Thus, we may suppose that C,(Y) 1 F(Y) is M,, of degree 55. Let H be the 
subgroup of G that fixes the set P(Y), and K = GFtr) . Then, (A” n H j 
x @(y)) z M,, , and H = (AZ n H 1 x~F(r)) x K, by Lemma 2.2. 
Moreover, the involution j, projects nontrivially on the factor (A” n H 1 
x E F(r)), as jy inverts A =. By the structure of M,, , it follows that there is a 
x EF(r) with C,,( j,) # 1, A”, a contradiction by Lemma 2.1 and the definition 
of J1. 
LEMMA 3.33. p is not quasi-dihedral. 
Proof. If 8” is quasi-dihedral, there are two possible structures for 
(p, j,), according as j, induces an inner or an outer automorphism of p. 
In the first case, (p, j,) E 2, x QD, . Then, by the Frattini argument, 
T = 9” . C,(P*Pv). Thus, (j, , ty,) _C Z(T). Since j, and ty, are not fused, 
none of the involutions of ( jz , t,,) are fused. Since the involutions of PsQ 
are represented by j, , tyz , and s, s has a unique conjugate in IQzPg. Since 
any conjugate of s in G, lies in ms by Lemma 3.28, s is isolated in T. By 
Glauberman’s Z*-theorem [lo], a contradiction results. 
In the second case, (p, P”> g iV2,+, . Now N” has quasi-dihedral Sylow 
2-subgroup and two classes of involutions, represented by jz and tzy . 
Consequently, by [2, Proposition 11, and Lemma 3.31 (ii), it follows that Nz 
has a normal subgroup iVI* of twice odd index, such that O(N”) = O(Mz) 
and Mx/O)Mx) s SL(2, q). 
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Then, the Sylow 2-subgroup of SL(2, 4) is quaternion of order 2”+l. In 
the notation preceeding Lemma 3.27, it is (x2, xz). It is easily verified that 
(x2, xz) is centralized by the element xznmay~ of (x, y, a), and (x2”-’ . ~.s)~ = 
x2,-l. Thus, MZ is contained as a subgroup of index 2 of a group, say L, 
and the Sylow 2-subgroup of L is Qa,,+l* 2,. 
By the structure of the automorphism group of SL(2, q), it follows that 
L/O(L) s SL(2, q) * z, . 
Then, @ has a characteristic subgroup 1(2 satisfying the hypothesis of 
Lemma 3.31 (i), and the lemma follows. 
It follows now from Lemma 3.27 that p is dihedral. 
LEMMA 3.34. (i) Nx has a normal subgroup M” with 1 N” : M” 1 odd, 
O(Nz) = O(M*), and Mz/O(MZ) z PGL(2, q), 
(ii> civvxM~, (Mx/O(Mx)) is of even order, 
(iii) QzPv g Z, x DZn+l , 
(4 s, i , and t,, are not conjugate in G. 
Proof. By Lemma 3.31 (ii), N% does not have a normal 2-complement. 
Moreover, as j, and tzy are in N” and not fused, (i) follows by Gorenstein- 
Walter [16]. 
Next, we consider the structure of H = G,/O(Mz). Set K = Mz/O(Mz). 
Then, K 4 H. Let L be the centralizer of K in Hand L’ its preimage in G, . 
Let R = T n L’. If R = 1, the Sylow 2-subgroup of G, lies in Aut(PSL(2, q)), 
a contradiction as G, is of 2-rank four by Lemma 3.30 (ii). 
If R n mz = 1, R acts faithfully on A”, and no element of R inverts A”. 
Since j As 1 = p2, R is cyclic. Let Y be the involution of R and r’ a conjugate 
of r in T. By Lemma 3.28 (i), r’ = rg with g E G, . Since L’ 4 G, and r EL’, 
T’ EL’. Since R = T n L’ is cyclic, r’ = Y. Thus, T is isolated, and a contra- 
diction results by Glauberman’s Z*-theorem. 
Thus, R n xs # 1. Thus, (ii) follows, and (iii) is immediate from the 
possible structures for ~P?J given in Lemma 3.27. Now, 1 R n x3 1 = 2, 
and R n Nz 4 T, and so R n Nz C Z(T). Thus, Z(T) n NE = (tu, , jz). 
Since N,(T) controls the fusion of involutions of Z(T) and N,(T) C G, , 
(iv) follows. 
LEMMA 3.35. Let s’ E G, be a conjugate of s with [s, s’] = 1 and s # s’. 
Then, 
(i) (s, s’) fixes exactly x, 
(ii) C,(s) 1 F(s) is transitive. 
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Proof. Now, N” has, by Lemma 3.34 ( ), i exactly two classes of involutions, 
represented by jZ and t,, . Since by Lemma 3.34 (iv), s does not fuse into N”, 
and since by Lemma 3.28, s does not fuse into G, - @, if z gP’(s), s inverts 
A”. 
Consequently, if z EF((s, s’)), ss‘ centralizes A”. Thus, F((s, s’)) C S(ss’), 
and so / S(ss’)l is odd. By hypothesis, / S(ss’)i = 1. Consequently,F((s, s’)) = 
{x]. Thus, (i) follows. 
Next, let x EF(~) and T” be a Sylow 2-subgroup of G, containing s. Since 
G has no isolated involutions, there is a conjugate s’ of s in T” with s # s’ 
and [s, s’] = 1. Consequently, (s, s’) fixes exactly Z. Since z is any point 
of F(s), (ii) follows by Gleason’s lemma. 
Since 1 NE : N” / = 2, it is immediate from Lemma 3.34 that mZ has a 
normal subgroup M” such that O(mZ) = 0(&f”) = O(N”), / xZ : Mx j is 
odd, and M”/O(M”) = M”/O(M”) x (I), where 1 11 = 2. Our next goal 
is to determine 1. 
LEMMA 3.36. B2/O(Mz) = M”/O(M”) x (Q. 
Proof. Since Z(pPr) = (j, , tyZ) and jX E M*, 1 = ty, or 1 = s. 
We suppose 1 = s and derive a contradiction. By Lemma 3.35, if sg E T 
is a conjugate of s, then sg = sh for some h E G, . But clearly, from the 
structure of Mz, shO(Mz) = s O(m%). Consequently, as sh E T, sh = s. Since 
G has no isolated involution, the result follows. 
Now, let L be the centralizer of M5/O(Mz) in G,/O(M”) and L’ the pre- 
image of L in G, . Set R = L’ n T. Since T/R is a 2-subgroup of Aut(PSL 
(2, n)), and since p is a Sylow 2-subgroup of PGL(2, q), T/R .p is cyclic. 
Since [R, p] = 1 and ty,, E Z(R), [R, PzPv] = 1. Consequently, R C S, 
and by Lemma 3.29, t,, $ Q(R). 
LEMMA 3.37. R g Z, x 2,. 
Proof. First, we show that R has an involution of G, - mx. If  this is not 
the case, ty, is the only involution of R, and since ty, $ a(R), R = (t,,). 
Since T/R . p is cyclic, T/p is cyclic, or T/p E Z, x Z,, , 
I f  T/p is cyclic, all involutions of T lie in PPg, a contradiction, by Lemma 
3.30. Thus, we may suppose T/p g 2, x C, with C cyclic. Let C’ be the 
preimage of C in T. Then, C’ is a 2-subgroup of Aut(PSL(2, 4)) with p a 
Sylow 2-subgroup of PGL(2, q). Consequently, C’ = p . D, where 8” n 
D = 1 and D is cyclic. 
Thus, T = (SPY) D and (SPY) n D = 1. By Lemma 3.28 (ii), the 
involution of D has no conjugate in SPY, and so, by Thompson’s lemma, 
we have a contradiction. 
Thus, R 3 (t,,). Since ty, E Z(R) and tyz $ Q(R), R = (tyz) x R, . In 
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addition, as R acts faithfully on A”, 1 A” 1 = p2, and no element of R,, inverts 
A”, R, is cyclic. 
We suppose 1 R, 1 > 2 and derive a contradiction. Set (Y) = q(R,,). 
Since R 4 T, Y E Z(T). Since t,, E Z(T), QI(R) C Z(T). Since No(T) _C G, , 
controls the fusion of elements of Z(T) and L’ Q G, with R = T n L’, Y 
fuses to no other element of Z(T). 
On the other hand, if YS E T and g E G, ~9 = yh for some h E G, , by 
Lemma 3.28. Thus, yh E R. Since Q,(R) C Z(T), yh = Y. Consequently, 
Y is isolated a contradiction. 
LEMMA 3.38. (i) Gz/Nx has a normal 2-complement. 
(ii) The Sylow 2-subgroup of G,/N” has a cyclic subgroup of index 2. 
Proof. Let L’ be the homomorphic image of L’ in G,/Nx. By the last 
lemma, L’ has Sylow 2-subgroup Z, x Z, , and not all involutions of L’ are 
fused, as no involution of iVx fuses into G, - Rx. Consequently, E’ has a 
normal 2-complement. Since G,/N*L’ has cyclic Sylow 2-subgroup, (i) 
follows. 
It is clear from the foregoing that the Sylow 2-subgroup of G,/N” has a 
normal subgroup isomorphic to Z, x Z, and the quotient is cyclic. Since 
the Sylow 2-subgroup of G,/Nz acts faithfully on A”, with 1 A” 1 = pe, it 
follows that G,/N” is of 2-rank 2. Consequently, (ii) follows. 
We are now in a position to obtain a final contradiction. Let T,, be a 
subgroup of index 2 of T such that T,,/p is cyclic. Since R z Z, x Z, and 
I R n mz / = 2, some involution Y of R - R n N$ does not lie in T,, . Since 
G, controls the fusion of the involutions of G, - mx and since G,/Nx has a 
normal 2-complement, no conjugate of r lies in T,, . By Thompson’s lemma, 
we have a final contradiction, proving 
PROPOSITION. There is a 2-group T with 1 # T C Nx, where 1 S(T)1 is 
odd and 1 S(T)1 > 1. 
With T the 2-group of the last proposition, set Y = S(T). Then, 
C,(T) 1 S(T) is transitive of odd degree and if x E Y, A” Q Coz(T). Since 
G is a minimal counterexample, 
Co(T) I S(T) s M,, and A”=Z, x Z,. 
LetH=G,*andK=G,.Again,HI YrM,,.SetN=(AzIxEY). 
ByLemma2.2, H=Nx KandNrM,,. 
LEMMA 3.39. If j is an involution of N x K - K, there is an x E Y 
such that 1 C,,(j)1 = 3. 
Proof as in Lemma 2.4. 
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LEMMA 3.40. If t is a 2-element of K, t does not fuse into N x K - K. 
Proof. Let t be the 2-element of K smallest order that fuses into 
N x K - K. Then, by this choice of t, for some g E G, tg EN x K - K 
and tg 1 Y is an involution. Then, by Lemma 3.10, there is an x E S(P), 
such that 1 CAz(tg)I = 3. Th us, there is an y E S(t) such that ] CaY( = 3. 
On the other hand, as t E K, if x E Y, / Caz(t)I = 32. This contradiction 
to Lemma 2.1 (ii) proves Lemma 3.40. 
Now, let P be a Sylow 2-subgroup of N x K ,and Q a Sylow 2-subgroup 
of K with Q C P. By our choice of Y, Q # 1. By Lemma 3.40, Q is strongly 
closed in P with respect to G. Since [Q, N] = 1, Y C S(Q), and since some 
conjugate of T is contained in Q, Y = S(Q). 
LEMMA 3.41. P is a Sylow 2-subgroup of G. 
Proof. If not, there is a P,, C G with j P, : P / = 2. Since Q is strongly 
closed in P with respect to G, Q 4 PO. Therefore, P,, fixes S(Q) = Y. 
But P is a Sylow 2-subgroup of H = Gr*, and the lemma follows. 
LEMMA 3.42. If j is an involution of Q, F(j) = S(j) = Y. 
Proof. P is a Sylow 2-subgroup of G, and Q a Sulow 2-subgroup of 
Na = Cofi(Az) by Lemma 3.40. Moreover, no element of Q fuses into 
P - Q. Thus, if j fixes the point y, j E NV. Therefore, F(j) = S(i). 
Now, if S(i) 1 Y, as Co(j) 1 F(j) is transitive of odd degree, and 
A” 4 Coz(j), we have an inductive contradiction. Hence, S(j) = F(j) = Y. 
Now, study the action of G on translates of Y. Since Y is odd, each element 
of K of order 2 fixes only Y E {g(Y) 1 g E G), by Lemmas 3.42. Now, applying 
Lemmas 1.2 and 2.11, we obtain a final contradiction. 
4. IN"/ EVEN BUT IN"nNgj ODDFORALL x,y~X,~#y 
In this section, we assume 1 N” j is even, but j N” n NV I is odd for all 
x, y E X, x # y. Immediately, we have: 
LEMMA 4.1. If R is a 2-group, R # 1, and R C Nx, then N,(R) C G, . 
LEMMA 4.2. If R is a Sylow 2-subgroup of NV”, x, y X, x # y, R is cyclic 
or generalized quaternion. 
Proof. As R C G, , R normalizes A’. Since AY is semiregular on X - y, 
if f E R - I, C, y(f) = 1, by Lemma 4.1. Thus, RAY is a Frobenius group 
with complement R. 
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By Lemmas 1.2 and 2.11, the following is immediate: 
LEMMA 4.3. For some x, y E X, x # y, I N,” I is even. 
LEMMA 4.4. Let T,, be a Sylow 2-subgroup of G,, , x, y E X, x # y. Set 
R=NxnTo,P=NvnTo.Th~ 
(i) PnR=l, 
(ii) P Q To , R Q T,, , 
(iii) [P, R] = 1, 
(iv) R # 1 ifundo+ ifP # 1, 
(9 if P # 1, W, W’)) Q G, > and if j is an involution of Nx and 
jg E G, , then jg E (IV”, Q,(P)). 
Proof. P n R = 1, by the hypothesis of this section, and as Nx 4 G, , 
R 4 T,, and P 4 TO . Then (iii) is immediate. 
If R # 1, since R fixes y, R normalizes NY, and / C,,(R)1 is even. Since 
C,,(R) C G, , / N2v 1 is even and P # 1. 
If P # 1, by Lemma 4.2, &(P) is cyclic and the involution of sZ,(P) inverts 
A”. Since N* = C,2(Az), (N”, .(2,(P)) 4 G, . 
Now, if z is a fixed point of j, z # x, then j inverts AZ by Lemma 4.1. 
Thus, if jg E G, , either jg E Nx or jg inverts A” and jg E (N”, &(P)). 
LEMMA 4.5. If x, y E X, x # y, 1 N@ : NW” / is even. 
Proof. Suppose for some x, y E X, x # y, 1 Nx : NVx / is odd, and let R be 
a Sylow 2-subgroup of NV”. Let P be a Sylow 2-subgroup of N,Y. Then, 
R # 1 and P # 1. Moreover, (Nz, G,(P)) 4 G, , and (R, G,(P)) g 
R x g,(P) (by Lemma 4.4 (iii)) is a Sylow a-subgroup of (N”, @(P)). 
Now, SZ,(R x fin,(P)) = 52,(R) x O,(P). 
Let (j) = QI(R), (j’) = D,(P). (j, j’) fixes x and y, and as / X / is odd, 
(j, j’) fixes an additional point a. Then, j, j’ invert A”, and so jj E Nz. Since 
Nz has Sylow 2-subgroup of rank 1, j w j’ -ji’. 
It follows now that (j, jl} is a strongly closed subgroup of some Sylow 
2-subgroup of G, by Lemma 4.4 (v), and the structure of the Sylow 
2-subgroup of (N”, gl(P)). 
By Lemmas 1.3 and 2.11, the lemma follows. 
LEMMA 4.6. Let P # 1 be a Sylow 2-subgroup of N,v for some x, y E X, 
x # y. Let R be a Sylow 2-subgroup of N,” and Q a Sylow 2-subgroup of Nx 
containing R and normalized by P. Then 
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(i) 1 R j = I P I, 
(ii) _ R, P are cyclic, 
(iii) if j R / > 2, then j Q : R 1 = 2 and Q is dihedral or generalized 
quaternion. Moreover, P . Q s RwrZ, , and J&(P) . Q s Z, c Qzn+l , where 
2” = IRI. 
(iv) I f  j R 1 = 2, P . Q is dihedral or quasi-dihedral. 
Proof. R # 1, by Lemma 4.4. By symmetry, it suffices to show that 
IPIGIRI. 
By Lemma 4.5, R C Q. By Lemma 4.4, [P, R] = 1. Now, R = Q, , 
and by Lemma 4.1, if f EP - 1, Co(f)CQ,. Therefore, if f  EP- 1, 
C,(f) = R. Th us, we have, in the terminology of [25], a (P, Q, R)-configura- 
tion. By [25, Lemma 4.21, 1 P I < 1 R /. By symmetry I P 1 = j R I. 
Then, [25, Lemmas 4.4 and 4.61 are applicable to give the remainder of 
the lemma. 
LEMMA 4.7. If  R is a Sylow 2-subgroup of N,” and R’ a Sylow 2-subgroup 
ofNzxwithR#landR’#l,thenIR/ =lR’I. 
Proof. I f  / R 1 > 2 and I R’ j > 2, this follows by Lemma 4.6 (iii). 
I f  1 R 1 > 2 and 1 R’ j = 2, a contradiction results from the structure of the 
Sylow 2-subgroup of (N”, Q1(P)) given by Lemmas 4.6 (iii) and 4.6 (iv). 
LEMMA 4.8. Let T,, be a Sylow 2-subgroup of G,, , and T a Sylow 2- 
subgroup of G, containing TO . Let R = TO n Nx and P = T,, n NV. Suppose 
R # 1 and let j be an involution of P and j’ an involution of R. Then 
(i) F((j, j’)) = {x, y, z}, with x E X - {x, y} andjj’ E N”. 
(ii) F(P . R) = F( T,,) = {x, y, z}, and No(P * R) j {x, y, z} g S, . 
(iii) Cr((j, j)) = T,, . 
(iv) I f  R = T,, n Nz, I R I = I R I, and R is cyclic and contained in 
P . R. 
Proof. F((j,j’)) 3 {x, y} as I X / is odd. Take z EF((j,/)) - (x, y>. 
Then, j andj’ invert AZ. Thus, jj E N”. Since z was arbitrary and I N4 n Nb 1 
is odd for a, b E X, a # 6, j F((j, j’))l = 3. 
Since P 4 T,, , R 4 T,, , and P, R are cyclic, (j, j) C Z( To). Hence, 
PaRand T,,fixx,yandz. 
Let Q be a Sylow 2-subgroup of Nx. Then, Q 3 R by Lemma 4.5, and 
N&P . R) 3 P . R. Since Co,(j) = P . R, there is an element of No,(PR) 
normalizing (j, j’), centralizing j’ and interchanging j and jj’. This element 
then induces the permutation (x)( yz) on {x, y, z}. Repeating the argument for 
the pointy, (ii) follows. 
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Since Cr((j, f)) must fix X, y, and z, (iii) follows. Taking fT = (PR) n Nz, 
by (ii), it follows that 1 i? 1 = 1 R 1 and i? is cyclic. Then, i? _C T,, n Nz, 
and 1 i? 1 = 1 TO n Nz 1 by Lemma 4.7. 
Aschbacher pointed out a simplification of the author’s original argument, 
which depends on a utilization of a recent theorem of Goldschmidt [30]. 
For our purposes, it suffices to observe that Goldschmidt’s theorem 
implies: Let G be a simple group, T a Sylow 2-subgroup of G, and S strongly 
closed in T with respect to G. Then, if S is quasi-dihedral, nonabelian 
dihedral, or wreathed, it follows that 5’ = T. 
We begin by taking J to be the normal subset of involutions in G which 
lie in some N”. 
LEMMA 4.9. All involutions of PQ lie in J. 
Proof. First we treat the case in which j R 1 3 4. Then, PQ s RwrZ, 
and PQ has exactly three classes of involutions, two classes in PR and one 
in PQ - PR. By Lemma 4.8, all involutions of PR are fused. Take j in J. 
By Lemma 4.4 (v), J n G, C (N”, G$(P)). Thus, either the strong closure 
of j in T lies in PR, and we may proceed as in timma 4.5, or j has some 
conjugate in PQ - PR, and the lemma follows. 
Next, we suppose that 1 R 1 = 2. Set I’ = PR. Now, PQ = VQ and all 
involutions of V are conjugate in G. Then, if PQ is quasi-dihedral, the 
lemma follows. In a similar fashion it follows that if PQ is dihedral and Q is 
dihedral, again all involutions of PQ lie in J. Thus, we may suppose Q is 
cyclic and there is some t E PQ - Q with t $ J. 
Then, N” = O(N”) . Q. Let Q = G,(Q). Then QO(N”)/O(N”) 4 G,/O(N”). 
Let &P be the preimage in G, of the centralizer of Q in G,/O(N”). Then, 
I G, : MS / = 2. 
First, we claim: / S(t)] is odd. 
Now, if there is some y E S(t) with t E My, t centralizes some conjugate 
SgofQ withpCil@. S ince Q fixes only x, by Lemma 4.7, QQ fixes only y. 
Then, [p, t] = 1 and so &9 fixes S(t) and only y E S(t). Hence, I S(t)/ 
is odd. 
Thus, we may suppose that if y E S(t), t # MY. 
Now, if y EN - S(t), t inverts Ar. Thus, t E (NV, P”), for a suitable 
conjugate Pg of P. AS also t $ NV, t $ Mu. 
Thus, if y EN, t 6 Mv. 
But / G, : Mx I = 2 and Mx contains a subgroup of index 2 of the Sylow 
2-subgroup of G. By Thompson’s lemma, it follows that G is not simple. 
Therefore, I S(t)/ is odd. 
Next, we study the orbits of (Nx, P). Since t E PQ - Q, t inverts A” and 
so x $ s(t). 
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Now, if R = fir(Q) fixes z E X - x and P’ is a Sylow 2-subgroup of 
N,“, by Lemma 4.4, P’ # 1. Then, (N”, P) = (N”, P’) and V = P x R 
fixes some point of the Nx-orbit of Z. Therefore, P x R is a Sylow 2-subgroup 
of some point stabilizer of (N”, P) in the (N”, P)-orbit of Z. So t fixes 
no points of this orbit. 
Now, R centralizes t, and so R fixes F(t), and by the last paragraph, R 
fixes only x inF(t). Since R also fixes s(t) and x is not in s(t), j s(t)1 is even. 
This contradiction proves the lemma. 
Next, note: 
LEMMA 4.10. PQ is normal in T. 
Proof. If 1 R 1 = 2, this is clear as PNz is normal in G, . Thus, we may 
suppose that [ R j >, 4. Then, observe that all orbits of PR on X - (x, y, z} 
are of length at least 4, as {x, y, Z} = F(L$(PR)) and all elements of L$(PR) 
are squares in PR. Thus, {y, Z} is the unique orbit of T of length 2. Since 
PR = (R, T n NV) = (R, T n NZ), PR is normal in T. Since also Q is 
normal in T, PQ is normal in T. 
LEMMA 4.11. PQ is sirongly closed in T with respect to G, . 
Proof. Take w E PQ, g E G, , and suppose wQ E T - PQ. Then, wg E 
TN” - PN”. Also, PN” 4 TNx and w = ab with a E P, b E Q. Since 
bQ E PN”, UQ E TN” - PNx. Thus, after conjugating by a suitable element of 
TN”, we may find a g E G, such that a E P and as E T - PQ. 
Now, by Lemma 4.9, j a / 2 4. Let z, be the involution of (a) 6 P and 
u the involution of R. Since (N”, v) 4 G, , vQ E <Q, v). Since aQ normalizes 
PR and / a~ j 3 4, (a30 centralizes JJn, (PR), and so vg E (R, v). Since vg # R, 
VQ = v or vu. Then, composing g with a suitable element of Q if necessary, 
we may suppose that vQ = v, a0 $ P, but a E P. But C,(v) C G, , and so 
g E G, . Thus, g E G,, , and as N,g 4 G,, , it follows that us E N,” n T = P, 
a contradiction. 
This section will now be completed with the following lemma. 
LEMMA 4.12. PQ is strongly closed in T with respect to G. 
Proof. If not, choose w E PQ, g E G, such that wg E T - PQ. We take 
j to be the involution of (w). By Lemma 4.9, jg E PQ. Hence, / w j >, 4. 
Now, let u be the involution of R and v be that of P. 
First, suppose 1 R 1 = 2. Then, as PQ has a cyclic subgroup (t) of index 2, 
w2 E (t) and j = u. Also, wg normalizes (t), and as P induces an auto- 
morphism of {t) that is not a square in Aut((t)), it follows thatjo 6 PQ - (t). 
Thus, i” = UQ = u and g fixes x, contrary to lemma 4.11. 
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Next, suppose 1 R 1 > 4. If w E PQ - PR, j E Z(PQ), and so j = u. If 
w E PR, conjugating by a suitable element of N,(PR), we may again suppose 
j = u. Since PR Q T, (w2)g centralizes &(PR), and so jg E PR. Ifjo = US = u, 
we have a contradiction as earlier, and so we have jg = ug = v or uv. It 
follows that wg centralizes (u, v). Thus, wg E G,,, n T = T,, . 
Then, there exists an h E NG(T,,) such that vh = u or uv. By composing, 
ugh =uandgh~G,.Also,w~h~T,,.ByLemma4.11,w~h~PQn T,=PR. 
Since h normalizes PR, wg E PR, a contradiction. 
5. 1 NZ 1 IS ODD 
In this section, we assume Nz = C,JA”) is of odd order. 
We set 
Jr = {t 1 t is an involution and t inverts A” for some x}, 
J2 = {t 1 t is an involution, 1 F(t)\ > 1, and t 4 JJ, 
]a = {t 1 t is an involution and 1 F(t)1 = 11. 
It is immediate that J1 , J2, and Ja are normal subsets of involutions. 
Also, I1 n J2 = m and J2 n Ja = m . It will follow shortly that J1 n J3 = o. 
S(j) is defined as usual. If j E Jr , set I(j) = (x I C,x(j) = 11. Then, 
ifj E Jr , F(j) = S(j) u I(j) and S(j) n I(j) = m. If x eI(j), (ND, j) 4 G, , 
as j inverts AZ and Cc2(Az) = Nz. S’ mce Nx is odd, j is contained in the 
center of some Sylow 2-subgroup of G, , and hence, of G. 
LEMMA 5.1. (i) J1 is a conjugacy class. 
(ii) If j E Jl , I(j) # 0, (by definition) and 5’(j) # 0. Consequently, 
lxI?l 3 2. 
(iii) C,(j) I S(j) is transitive and C,(j) / I(j) is transitive. 
(iv) 1 I(j)1 is odd and j S(j)1 is even,for jg Jl. 
Proof. If j inverts A”, (j) is a Sylow 2-subgroup of (j, NE). Then, (i) 
follows by Sylow’s theorem and the transitivity of G on X. 
The first part of (iii) follows from Lemma 2.1. If a, b E&J, (j, Na) is 
the subgroup of G inducing { + 1, - l} on Aa, while (j, Nb) behaves similarly 
with respect to Ab. Then, if g(u) = b, gA”g-l = Ab and g(j, Na)g-r = 
(j, Nb). By Sylow’s theorem, there is an h E (j, Nb) such that (hg) j(hg)-l = j. 
Then, hg E C,(j), and (hg)(u) = b. 
Then, if x EI( j), j is contained in the center of some Sylow 2-subgroup 
Q of G, . Hence, Q fixes x E I( j). Th en, as Q is a Sylow 2-subgroup of C,(j) 
and C,(j) 1 I(j) is transitive, I1( j)l is odd. As also I F(J)] is odd, 1 S(j)] is even. 
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Lastly, we must show S(j) # o . I f  S(j) = s, C,(j) / F(j) is transitive. 
Therefore, if jg E G, for some g E G, jg = jh for some h E G,. Since 
(j, IV”) 4 G, , jG n G, C (j, IV”). S ince 1 NE 1 is odd, j is isolated in some 
Sylow 2-subgroup of G. By Glauberman’s Z*-theorem, O(G) # 1, a contra- 
diction. 
LEMMA 5.2. If t E Jz and x EF(~), then / CA”(t)1 = p. 
Proof. I f  t E Ja , F(t) = s(t), and by Lemma 2.1, Co(t) /F(t) is transitive, 
and of odd degree. Thus, if 1 C&t)1 > p, by induction, C,(t) / F(t) g M,, . 
Let W be the subgroup of C,(t) fixing all points of F(t). Then, with 
iV = (CA=(t) / x EF(~)), we have C,(t) = N x W, andNr AfIr. Moreover, 
1 C,,(t)1 = 32. 
Now, if I1 n W # 0, let j E J1 n W. Then, if x E F(t), j centralizes 
CA5(t), and so x E S(j). Therefore, F(t) C S(j). Thus, t fixes S(j), as [t, j] = 1, 
and t fixes an odd number of points of S(j). Therefore, / S(j)1 is odd, by 
Lemma 5.1, a contradiction. 
Therefore, if P is a Sylow 2-subgroup of W, all involutions of P are 
contained in Ja. Then, if t’~ P n Ja, t’ centralizes CAZ(t), and, as ICAZ(t’)l = 32, 
CA*(t) = CaZ(t’). Thus, P acts freely on P/C,,(t), and P is cyclic or genera- 
lized quaternion. 
Therefore, by Lemma 1.9, Lemma 5.2 follows. 
LEMMA 5.3. J1 # o. 
Proof. Suppose J1 = O. We claim: If  V is a subgroup of G, and V g 
2, x 2, , V fixes only the point X. 
Indeed, suppose V C G,, , x,y~X, x #y. Then, V#C J2, as Jl = a. 
Therefore, by Lemma 5.2, 1 CA5(t)I = p for all t E V#. Thus, 1 AZ I <pa. 
Since A” admits a faithful action of 2, x 2, , and A” is not inverted by an 
involution, 1 A” I = p3. 
Let Q be a Sylow 2-subgroup of G, . Then, Q is a Sylow 2-subgroup of G, 
Q acts faithfully on A” and no element of Q inverts As. It follows that Q is 
of 2-rank at most 2, and by Lemmas I .4 and 2.1 I, the claim follows. 
Then, if Q is a Sylow 2-subgroup of G, and B 2Q with m(B) > 2, 
F(B) = (x}, and N,(B) C G, . By Lemmas 1.1 and 2.11, the lemma follows. 
LEMMA 5.4. Ifil,i2EJ1,jl#j2,andIj,,j~ =l,fhmj&~J~. 
Proof. Since [j, , ja] = 1, j, fixes I( js) and j, fixes I( j,). Since 1 I( jJl 
is odd, I( jl) n F( j,) # 0. Likewise, I( j,) n F( jJ # 0. Moreover, [ I( jJ n 
F(j,)l is odd, as is I 1( j2) n F( j,)l. Al so, as 1 NZ ] is odd, I(jJ n I( j2) = m . 
Thus, F(( j, , j2)) > (1( jl) n F( j,)) u (I( j2) n F( jl)), and the inclusion is 
proper, as 1 F(<j, , j,))l is odd, as are the other two sets. 
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Hence, choose x ~F((jr , ja)) with x $I(jr) u I( jJ. Now, jl j, fixes at 
least three points, and so ji ja # Ja . Thus, if jr ja $ Jr , jr ja E Ja . 
Therefore, if z EF( ji ja), by Lemma 5.2, 1 C,,( ji ja)l = p. 
Thus, if .a E I( ji) n F(j,), j C,,( ja)] = pa-l. Thus, for all x E S(ja), 
j CAs(j2)j = p@. L k i ewise, for all z E S(j,), 1 C,,(ji)l = pla-l. 
Now, x EF(( jr , jz)) and x $ I(ji) u I(j,). Therefore, x E S(jr) and 
x E S(j,). Thus, 1 C,,(ji)l = / C,,,,(ja)l = pn-1. Since b1 , jz] = 1 and / N” 1 
is odd, 1 CAo(jlj,)] = pn-2. But as / C,,(j,ja)I = p, it follows that n = 3. 
Now, let Q be a Sylow 2-subgroup of G, . 
Clearly, Z(Q) n Ji # S. 
Xow,ifj’EQnJ,andxES(j’)( h h w ic can certainly be done, as S(j) # D 
if j E Ji), then [j’, Z(Q)] = 1. S ince Z(Q) fixes x E S(j’) and 1 S(j’)l is even, 
Z(Q) fixes at least two points of S(j’), and so Z(Q) fixes at least two points. 
Hence, Z(Q) n Js = @. 
If t E Q n Ja , I CAZ(t)l = p, and t induces on AZ a linear transformation 
of determinant 1. Likewise, if j EQ n Ji , j C,,(j)] = 1 or pz, and so j 
induces an A” a linear transformation of determinant -1. Thus, setting 
P=(Qn J,),wehavePn J1 = m andPaQ. 
Therefore, P n Z(Q) # 1. Since J1 n P n Z(Q) = o, and J3 n P n 
Z(Q) = o , it follows that Jz n Z(Q) # o . 
Now, if B = Qr(Z(Q)) and B, = (B n Jz>, the arguments of earlier 
paragraphs show that / B : B, / = 2 and B,# C Jz , and B - B, C Jl . 
Now, there is only one j E B such that j inverts A”. 
Thus, we may choosej’ E B n J1 with x E S(j’). Therefore, Q fixes x E S(j), 
with C,(j’) I S(j’) t ransitive and of even degree. This contradiction proves 
the lemma. 
LEMMA 5.5. Set Jlx = Jl n G, . Then, Jlx is the union of two conjugacy 
classes in G, , Jlx and fir. If j E Jlz, j inverts A”. If j E Jlz, I C,,( j)l = p”/2. 
Proof. Now, if j E Jl , it follows by Lemma 5.1 (iii) that C,(j) I F(j) has 
exactly two orbits. Therefore, by [l], J1 splits into exactly two conjugacy 
classes in G, . It is clear that one of these conjugacy classes consist of elements 
that invert A”. Let j belong to Jiz and take t such that [j, t] = 1 and t inverts 
A”. By Lemma 5.4, jt E Ji . Thus, / A” 1 = 1 C,,(j)1 I C,,(jt)l, and as 
x E S(j) and x E S(jt), I C,,(j)\ = / C,,(jt)I. Thus, / C,,(j)1 = pnjz. 
Now, take V to be the union of all conjugacy classes of groups V with 
(i) I’= Z, x Z, , and 
(ii) V# C J1 . 
By Lemma 5.4, it follows that V # O. 
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LEMMA 5.6. (i) V is a conjugacy class. 
(ii) Acting by conjugation, G is transitive on pairs (j, V) with j E J1 , 
VEV, andjE V. 
Proof. It suffices to prove (ii). Suppose VI, V, E V and je Jr with 
jEVIaandjEVz. To prove (ii), as Jr is a class, it suffices to show that VI 
and V, are conjugate in C,(j). 
Since 1 I(j)1 is odd and Vi fixes 1(j), F( VI) n I(j) # o and F( V,) n 
I(j) # a. Since C,(j) 1 I(j) is transitive, we may assume that V, , V, C G, 
with x E 1( j). 
But then, as (N”, j) Q G, , G, = O(G,) C,=(j). Also, by the last lemma, 
all involutions of plz are conjugate in G, . Thus, all involutions of J1 n 
(Ccs(j) - (j)) are conjugate in C,.(j), and VI and V, are conjugate in 
C&l- 
LEMMA 5.7. Suppose j E J1 , t E J2 , and [j, t] = 1. Then 
(i> jtc J3 - 
(ii) If xEF(jt), 1 C,,(jt)I =pn-l. 
Proof. Since ij, t] = 1 and 1 I(j)] is odd, (j, t) fixes x EI( j). Since 
t EJ~, by Lemma 5.2, 1 Cam(t)1 = p. Therefore, I C,.(tj)l =pn-l. Now, 
if jt E Jr, by Lemma 5.5, pn-1 = pfi12, and so n = 2. If jt E J2, pm-1 = p, 
and n = 2. In either case, / AZ / = p2 and G is of 2-rank at most 2, a contra- 
diction, by Lemmas 1.4 and 2.11. 
Therefore, jt E J3 . 
LEMMA 5.8. Let H be a transitive permutation group on Y and suppose H 
has a conjugacy class of involutions C such that j E Cfixes exactly one point of Y. 
The-n, given a, 6 E Y, a + b, there is a j E C such that j(a) = b and j(b) = a. 
Proof. Take jl E C such that jr fixes a and j, E C such that j, fixes b. 
Then, ( j1 , j,) is dihedral, and as jr fixes only a, (j, , ja) has a unique orbit 2, 
of odd length. Then, a, b E 2 and (jr , j,) 1 2 is a dihedral group of twice 
odd order. Then, it is immediate that all orbits of ((jl , j2) I Z), are self- 
paired, and the desired conclusion follows. 
LEMMA 5.9. Jz = o. 
Proof. Choose V E V. Then, if jr E V#, as I( jr) is odd, F( V) n I( ji) # 0. 
Since I( jr) n I( j,) = m , if j, , j2 E V#, j, # j2 , 1 F( V)l > 2. Choose x, 
y EF( V), with x # y, and x E I(j), with j E V+. Let Q be a Sylow 2-subgroup 
of G,, . As j inverts AZ, j E Z(Q). 
Claim.Qn J2 = 0. 
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I f  this is not the case, choose T E Q n Jz , and consider rj. By Lemma 5.7, 
rj E Ja , contrary to 1 F(rj)\ > 2, and the claim follows. 
Now, if J2 # 0, by Lemma 5.7, there is at E J3 , such that 1 C,&t)I =p+-l, 
if a EF(~). By Lemma 5.8, we can choose such a t E Js , where t interchanges 
x and y. Then, we may take t normalizing Q. 
Then, (Q, t) is a 2-group, and so (Q, t) fi xes an additional point z. Clearly, 
a is the unique fixed point of t. 
Now, suppose j’ E J1 n Q and v, t] = 1. Then, as ] I( is odd, F(t) n 
1((p) # ia. SinceF(t) = {z}, a E I(j). Thus, j’ inverts A”, and, as {Q, t) fixes 
w-’ E Z (<Q> t>). 
It follows that j C,(t) n J1 I = 1. 
Indeed, if 1 C,(t) n J1 ])l, we can choose j’, j” E Z((Q, t)) with z E 1(j’) 
and z PI. Th en, (j’,f> is a fours group with I(j) n I(j”) # O, a 
contradiction. 
Then, since C,(t) # 1 and Q n Jz = Q n J3 = o , t centralizes a unique 
involution of Q, and it follows that C,(t) is cyclic or generalized quaternion. 
Now, by choice, Q contains the fours group V, and so C,(t) CQ. 
Then, <Co(t), t> CE Co(t) x <t> C (8, t>. Then, fh(Co(t> x (9) = 
(j’, t}, and so t andj’t are conjugate in No((j’, t)). 
Now, by choice of t, I CA*(t)1 = pa-l. Since j’ inverts A”, j C,,(tj’)l = p. 
Since t and j’t are conjugate, p = pn-l, and n = 2, proceeding as earlier, 
the lemma follows. 
LEMMA 5.10. No element of J3 centralizes V E Y”, 
Proof. Suppose j E Js centralizes V E V. Let F(j) = {xl. Then, if 
ji E F+, as I( ji) is odd, j fixes some point of I( ji). Hence, x E I( jJ. But then 
I( jl> n XiJ f  0 for jl , h E V#, jl # j2 . 
LEMMA 5.11. J3 = 0. 
Proof. Suppose J3 # m, and let Q be a Sylow 2-subgroup of G, . 
We claim: SCNa(Q) = a. 
Indeed, suppose U Q Q, U elementary abelian of order 2s. Let t E j, n (2. 
I f  lJ# C J1 , t E J3 centralizes a fours group in U, a contradiction, by 
Lemma 5.10. 
If  / U n J1 / > 2, by Lemma 5.4, there is a fours group V E V, with 
V C U. Then, if U n J3 # m, some t E J3 centralizes V E Y. Since J2 = B, 
again U+ C J1 , a contradiction. 
Therefore, 1 U n J1 I = 1. Note we may assume U n J1 # 0, as JI n 
Z(Q) # 0, since the involutions of Jl are central. 
NOW, takej’EJ1n(Q- U). S ince V # a, this is possible. Then, j 
centralizes a fours group V’ C U. Take t E V’ n J3. Then, t centralizes 
481/39/z-10 
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Y = (U n Jr , j’) E V, by the last lemma a contradiction. By Lemma 1.6, 
the lemma follows. 
At this point, Ja = Js = a, and G has one conjugacy class of involutions, 
namely, Jr . 
LEMMA 5.12. Let C be an elementary abelian 2-group. Then 
S(C) = fh+ S(j). 
Proof. Clearly, S(C) C (-boo+ S(j). 
Then, take x E n,sc+ S(j). Then, x EF(C), as all elements, of C fix x. We 
study the action of C on A”. Now 1 A” [ = p” and if j E P, 1 C,,(j)/ = ~n/~, 
as x E S(j), by Lemma 5.5. 
Now, the action of C lifts to 
Zx ... XZ = K 
n 
in such a way that the action of C on K/pK is equivalent to that of C on Ax. 
We let x be the character afforded by this action of C. Then, ifj E C#, x(j) = 0. 
Therefore, the principal character of C is a constituent of x. Thus, C,(C) f  1 
and so C,,(C) # 1. Thus, x E S(C). 
LEMMA 5.13. Let C, D, , D, be elementary abelian 2-groups with C C Di 
and 1 Di : C 1 = 2. Then, D, and D, are conjugate in C,(C). 
Proof. Take jr E D, - C and j2 E D, - C. Then, as / I( is odd, 
I(jr) n F(DJ # 0, and likewise, I( j,) n F(D,) # a. 
Take x E I( jr) n F(D,) and y  E I( j2) n F(D,). Now, (jr) x C normalizes 
A”, and jr inverts AZ, and so, as N” = CGz(A”) is of odd order, no element 
of C inverts A”. Therefore, x E njpC+ S(j). By Lemma 5.12, XE S(C). 
Similarly, y  E S(C). 
But C,(C) j S(C) is transitive, by Lemma 2.1, and consequently, there is 
a g E C,(C) such that g(x) = y. 
Therefore, gD,g-I, D, C G, and gj& inverts gAxg-’ = Au and j2 inverts 
AY. 
Since (NV, ja) is the subgroup inducing {+ 1, -l} on AY, (W, gj&) = 
(Ng, j2). Therefore, (NV, gjig-l, C> = (Ng, j2, C). Thus, (NV, gD,g-l) = 
<NY, D,). 
But 1 NV I is odd, and so D, and gD,g-l are Sylow 2-subgroups of the 
centralizer of C in (NV, D2). Therefore, D, = (hg) D,(hg)-l and hg E C,(C). 
LEMMA 5.14. Suppose 
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and 
Cl’ c C,’ ..’ c C,‘, 
are chains of elementary 2-subgroups of G with 1 Ci ] = 1 Ci’ 1 = 2i and Y any 
integer > 1. Then, there is a g E G such that 
gqg-1 = C,‘, for all i, 1 < i < r. 
Proof. Since G has one class of involutions, gCrg-l = C,‘. Thus, we 
may assume C, = C,‘. Then, applying Lemma 5.13 inductively, the 
remainder follows. 
Now, application of [26] and Lemma 2.11 completes the proof of Theorem 
A when Px = Ax is elementary abelian. 
6 
In this section, we treat the possibility that P” is nonabelian, completing 
the proof of Theorem A. We assume Px is nonabelian and NE = Coz(Pz). 
Already, by Lemma 2.1, if j E G is an involution, C,(j) 1 F(j) is transitive. 
LEMMA 6.1. 1 Nx / is odd. 
Proof. Suppose j N” / is even. If all involutions of N” fix only x, by 
Lemmas 1.2, 2.5, and 2.6, we have a contradiction. Hence, there is an in- 
volution j E N”, with 1 F( j)l > 1. 
Then, C,(j) 1 F(j) is transitive and P” 4 (Coz(j) I F(J)). By induction, we 
have a contradiction. 
By the results of the previous sections all characteristic subgroups of Px 
are cyclic. Then, it follows from a theorem of Hall [17], that P” is the central 
product of a cyclic group (possibly 1) and an extra-special group of exponent p. 
LEMMA 6.2. If j is an involution of G that fixes at least two points, 
j centralizes Z(Px). 
Proof. Suppose j does not centralize Z(Pz). Since Z(P=) is cyclic j inverts 
Z(P*). Then, Px = I * C, where C = C,.(j), and I consists of those elements 
of P” inverted by j. If X, y E 1, then j centralizes [x, y], as j inverts x and y and 
the commutator mapping is bilinear. Since also j inverts [P”, P”] C Z(P%), 
[x, y] = 1. Thus, if 1 Pn/Z(P”)I = p*“, as the commutator mapping is a 
nondegenerate bilinear form, I C 1 >, pn. 
Now, applying induction to C,(j) 1 F(j), it follows that either n = 1 or 
p = 3 and n = 2. 
Now, if n = 1, 1 P”/Z(P~)l = p*. Since the Sylow 2-subgroup of G, acts 
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faithfully on P/Z(P), it follows that G is of 2-rank at most two, a contra- 
diction by Lemmas 1.4 and 2.11. 
Ifp = 3 and n = 2, C,(j) 1 F(j) z Mr, . By Lemma 2.2, C,(j) g Mu x W, 
where W is the subgroup of C,(j) fixing all points of F(j). Then, if Q is a 
Sylow 2-subgroup of W, Q centralizes C,,(j), and by induction, if t is an 
involution of Q, Cpz(t) = C,,(j). Therefore, Q is cyclic or generalized 
quaternion. By Lemma 1.9, this is a contradiction. 
Now, by Lemmas 1.1 I and 2.6, there is a subgroup I/ of G,, with 5’~ 
2, x 2,. Moreover, each involution of V centralizes Z(P). Also, by in- 
duction, if j E V#, C,,(j) is cyclic, or Z, x Zs . Thus, if j E V#, Cpz,z(pa) (j) 
is cyclic. Since P/Z(P) is elementary of order of p2” for some integer n, 
n = 1. Then, as in Lemma 6.2, G is of 2-rank at most two, a contradiction. 
7 
In this section, we prove Theorem B. We assume that G is a doubly 
transitive permutation group on X, with 1 X 1 odd, and that G, has an abelian 
normal subgroup A”, with A” # 1. 
Now, if A” is not semiregular on X - x, by [24, Theorem A], G is a 
normal extension of LIE(q). Similarly, if AZ is of even order, by a theorem of 
Shult [27], G is a normal extension of L,(2”), Sz(2”), or U&2”), or G has a 
regular normal subgroup. The same result also follows from Aschbacher’s 
theorem (Lemma 1.2). 
Thus, we assume A5 is an elementary abelian p-group; p odd, and A5 is 
semiregular on X - x. By Theorem A, AZ is cyclic. Thus, we may assume 
1 A51 =p. 
We set N” = CG2(A”). We note a general lemma: 
LEMMA 7.1. Let G be a doubly-transitive group on X and N” a normal 
subgroup of G, . Suppose that 
(i) Z(N”) # 1, and 
(ii) Z(N$) is semiregular on X - x. 
Then,N,x=Nz~ifx,yEX,x#y. - 
Proof. We let B = F(N,,“). By [24, Theorem B], F(N,“) = F(N,“) = 
F(N,y). Since [Z(N%), NV”] = 1 and B = F(N,“), Z(N”) fixes B. 
Also, N,Y normalizes Z(N”) and N,g fixes B. Thus, Z(N%)N,g fixes B. 
Now, Z(Nz) fixes only x in B. Thus, N,v is the largest subgroup of Z(N”)N,v 
fixing all points of B. Therefore, Z(N=) normalizes N,Y. 
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Thus, there is an element f of Z(Nz) with f( y) # y and fNzvj-’ = N,v. 
Thus, N,v C NV n Nf@). Since / Nz r\ NV 1 < 1 N,” [, by double transitivity 
N” n NV = NV”. 
LEMMA 7.2. N,,” # 1 ;fy # x. 
Proof. Suppose N, z = 1. Then, G,, acts faithfully of A”. Since A” is 
cyclic, G,, is cyclic. Then, by [21], Theorem B follows. 
We set g = {F(N,“) 1 x, y E X, x # y}. By [24, Theorem B], a is a block 
design on X, with h = 1, preserved by G. Since N,” # 1, 1 B 1 < 1 X 1, if B. 
LEMMA 7.3. A”$xes all blocks of that contain x. 
Proof. If B E g and B contains x, B = F(N,“) for some y in X - x. 
Since [A”, NV”] = 1, A” fixes B. 
LEMMA 7.4. 
(i) ( B 1 is odd. 
(ii) (A” I x E B)I B is a Frobmius group. 
Proof. Since 1 XI is odd and A” is cyclic, either N” is even, or G has 
cyclic Sylow 2-subgroup. In the latter case, Theorem B follows by Burnside’s 
transfer theorem. 
Hence, we may take 1 N” I even. Now, if all involutions of N” fix only 
the point x, by Lemma 1.2, Theorem B follows. 
Thus, if Q is a Sylow 2-subgroup of N,“, where x, y E X, x # y, Q # 1. 
Now, if z is in F(Q), by Lemma 7.1, Q lies in N”. Thus, if a, b E F(Q), 
a # b, Q is a Sylow 2-subgroup of Na n Nb. By Witt’s theorem, Nc(Q) 1 F(Q) 
is doubly transitive. Now, as 1 F(Q)1 is clearly odd, by induction, NG(Q) / F(Q) 
has a regular normal subgroup of odd order. Thus, if Y C F(Q), (A” ( x E Y) / 
F(Q) is a Frobenius group of odd order. 
AsBCY,(A”Ix~B)IBisofoddorder.Since(A~/~~B)~Gs*is 
doubly transitive on B, 1 B 1 is odd. 
LEMMA 7.5. If x, y X, x # y, (Ax, Ag)/Z((Ax, Ag)) is a Frobenius group. 
Proof. By Lemma 7.4, (As, Au) I B is a Frobenius group. Let W be 
the subgroup of (Ax, Av) fixing all points of B. Then, [A”, w] C W, as 
W 4 (A”, Au), and [A”, w] CA*, as Ax Q G, . Thus, [A”, w] = 1. Thus, 
WC Z((Z((A”, Av)). 
Now, a theorem of Aschbacher’s [5] is applicable to yield Theorem B. 
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